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1. Introduction

Unless otherwise specified, all objects under consideration are supposed
to be differentiable of a sufficiently high class (mostly, differentiability of
the class C? is sufficient).

Let A, = (M,V) be an n-dimensional (C*, C* or C*) manifold en-
dowed with a linear connection V (an “affine manifold”). Let ¢ : I — M,
t + c(t) defined on an open interval I C R be a (C*, or smooth) curve on
M satisfying the regularity condition

d(t) =dc(t)/dt #0 forall te€I.
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Denote by ¢ the corresponding (C*~1, or smooth) tangent vector field
along ¢ (“velocity field”), £(t) = (c(t),c/(t)), t € I, and let

L=V =Vel,  &=V(§EE = Vel (1)

Geodesics c¢(s), parametrized by canonical affine parameter (given up to
affine transformations s — as + b), are characterized by V¢ = 0 while
unparametrized geodesic curves (i.e. arbitrarily parametrized, called also
pregeodesics in the literature) can be characterized by the formula V£ = A
where A(t) : I — R is a real function.

Let D = span (X1, X2) (i.e. vector fields X7, X5 along ¢ form a basis of
D). Recall that D is parallel (along c) if and only if covariant derivatives
along ¢ of basis vector fields belong to the distribution (the property is
independent on reparametrization of the curve).!

As a generalization of (an unparametrized) geodesic, let us introduce an
almost geodesic curve as a curve c satisfying: there exists a two-dimensional
(differentiable) distribution D parallel along ¢ (relative to V) such that for
any tangent vector of ¢, its parallel translation along ¢ (to any other point)
belongs to the distribution D.

Equivalently, c is almost geodesic if and only if there exist vector fields
X1, X, parallel along c (i.e. satisfying V¢ X; = a7 X for some differentiable
functions a’(t) : I — R) and differentiable real functions b'(t), t € I along
¢, such that € = b1 X + b? X, holds. For almost geodesic curves, the vector
fields &; and & belong to the corresponding distribution D. If the vector
fields € and &; are independent at any point (and hence the (local) curve
¢ is not a geodesic one), we can write D = span (£,£1). So we get another
equivalent characterization: a curve is almost geodesic if and only if & €

Span (51 51 ) :

2. Almost geodesic mappings

Geodesic mappings of manifolds with linear connection (in short, affine
manifolds) are (C*)-diffeomorphisms characterized by the property that all
geodesics are send onto (unparametrized in general) geodesic curves. The
classification of geodesic mappings is more or less known.

Recall that even for Riemannian spaces, there is a lack of a nice simple
criterion for decision when a given Riemannian space admits non-trivial
geodesic mappings.

Let A, = (M,V), A, = (M,V) be n-dimensional affine manifolds,

n > 2, endowed with torsion-free linear connections.
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We may ask which (C*-)diffeomorphisms of affine manifolds send almost
geodesic curves onto almost geodesic ones again. The answer is: such map-
pings reduce to geodesic ones, since there are “too many” almost geodesic
curves. It appears that the following definition is more acceptable.

We say that a (C*-)diffeomorphism f: M — M is almost geodesic if any
geodesic curve of (M, V) is mapped under f onto an almost geodesic curve
in (M,V).

This concept of an almost geodesic mapping was introduced by N.S. Si-
nyukov,! and before by V.M. Chernyshenko,* from a rather different point
of view. The theory of almost geodesic mappings was treated in Ref. 1-3.

Due to the fact that f is a diffeomorphism we can accept the useful
convention that both linear connections V and V are in fact defined on the
same underlying manifold M, so that we can consider their difference P =
V—V.Thatis, Pisa (1, 2)-tensor, called sometimes a deformation tensor of
the given connections under f,? given by V(X,Y) = V(X,Y)+ P(X,Y) for
X,Y € X(M). Since the connections are symmetric, P is also symmetric in
X, Y. Of course, we identify objects on M with their corresponding objects
on M: a curve c on M identifies with its image ¢ = f o ¢, its tangent vector
field £(¢) with the corresponding vector field £(¢) = T f(£(t)) etc.

Besides the deformation tensor, we will use type (1, 3) tensor field, de-
noted by the same symbol P, introduced by

P(X,Y,Z2)= Y VzP(X,Y)+P(P(X,Y) Z), X,Y,Z€X(M),
CS(X,Y,Z)

where ) s(,,) means the cyclic sum on arguments in brackets (i.e. sym-
metrization without coefficients).

Almost geodesic diffeomorphisms f: (M, V) — (M, V) are characterized
by the following condition on the type (1, 3) tensor P:

P(X1, X9, X3) N P(X4, X5) N X6 =0, X;€X(M), i=1,...,6;

X A'Y means the exterior product of X and Y, the decomposable bivector.

N.S. Sinyukov!? distinguished three kinds of almost geodesic mappings,
namely 71, w2, and 73, characterized, respectively, by the conditions for the
deformation tensor:

m: Vx P(X, X )+ P(P(X, X), X) = a(X, X)-X+b(X)-P(X, X), X € X(M),
where a € S?(M) is a symmetric type (0,2) tensor field and b is a 1-form;

mo: P(X,X) = (X)X + p(X)-F(X), X e€X(M),
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where ¢ and ¢ are 1-forms, and F is a type (1,1) tensor field satisfying
VX F(X) + p(X) - F(F(X)) = u(X) - X + o(X) - F(X), X € X(M)
for some 1-forms u, o;
m3: P(X, X)=9¢(X) - X+aX,X)-Z, XeX(M)

where 9 is a 1-form, a € S?(M) is a symmetric bilinear form and Z € X' (M)
is a vector field satisfying

VxZ=h-X+0(X) 2

for some scalar function h: M — R and some 1-form 6. Remark that the
above classes are not disjoint.

3. Canonical almost geodesic mappings 71

We are interested here in a particular subclass of 71-mappings, the so-
called 71-mappings, or canonical almost geodesic mappings, distinguished
by the condition b = 0. That is, 71-mappings are just morphisms satisfying

VxP(X,X)+P(P(X,X),X)=a(X,X)-X, acS*M), XecX(M).
In local coordinates, the condition reads
h h h pa
Pk = a0k — PoPik)- (2)

Here and after the comma “;” denotes covariant derivative with respect to
V, 5? is the Kronecker delta, the round bracket denote the cyclic sum on
indices.

Any geodesic mapping is a m-mapping (the characterizing condition
can be checked), and any m-mapping can be written as a composition of a
geodesic mapping followed by a 71-mapping. So we can consider geodesic
mappings as trivial almost geodesic mappings, and we will omit them in
further considerations; they have been analysed in Ref. 5. It was proven
by Sinyukov? that the basic partial differential equations (PDE’s) of 71-
mappings of an affine manifold (M, V) onto Ricci-symmetric (VRic = 0,
the Ricci tensor is parallel) pseudo-Riemannian spaces (M, g) (of arbitrary
signature) can be transformed into (an equivalent) closed system of PDE’s
of first order of Cauchy type. Hence the solution (if it exists) depends
on a finite set of parameters. Consequently, for an affine manifold with a
symmetric connection admitting 7;-mappings onto Ricci-symmetric spaces,
the set of all Ricci-symmetric spaces (M, §) which can serve as images of the
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given affine manifold (M, V) under 7;-mappings is finite. The cardinality
r of such a set is bounded by the number of free parameters.

On the other hand, geodesic mappings form a subclass among -
mappings (they obey the definition). Basic equations describing geodesic
mappings of affine manifolds do not form a closed system of Cauchy type
(the general solution depends on n arbitrary functions; if the given mani-
fold admits geodesic mappings, the cardinality of the set of possible images
is big). It follows that the conditions (2) describing 71-mappings of affine
manifolds, in general, cannot be transformed into a closed system of Cauchy
type. But if we choose a suitable subclass of images and restrict ourselves
(for the given manifold) only onto mappings with co-domain in the apropri-
ate subclass we might succeed to get an equivalent closed system of Cauchy
type. If this is the case then the given manifold admits either non (if the
system is non-integrable) or a finite number of 71-images in the given class.

Our aim is to analyse 7;-mappings of affine manifolds onto affine mani-
folds in general, and to use the reached results for examining 7;-mappings
of affine manifolds onto (pseudo-)Riemannian spaces (in general, without
any restrictive conditions onto Ricci tensor), which will generalize the above
result by Sinyukov. In the rest, we will omit “pseudo”.

All 7-mappings f: M — M can be described by the following system
of (differential) equations:?3

3(VzP(X,Y)+ P(Z,P(X,Y))) =

Y (RY,Z)X-RY,.2)X)+ > aXY)Z
CS(X,Y) CS(X,Y,Z)
In the rest, we prefer to express our equalities in local coordinates (with
respect to a map (U, ) on M) since the invariant formulas are rather
complicated. The above formula has the local expression

h h po h Ah h
3Pk + Pralii) = Riipe — Biije T aaiiok), (3)
where PZJ‘, aij, Rfjk, R?jk are local components of tensors P, a, R, and R.

Assuming (15) as a system of PDE’s for functions Pj; on M, the corre-

sponding integrability conditions read
ph h h h o ph h pa
Riijyine) = Blijyirg + 0%k, — 050k + 3(P5 Rare — Pol(i R ke)
h « Do a h « Do «
— Pou(Riijye — Rije0Gaie) + Poo(Riie — Riine0Gair)) -
Passing from VR to VR on the left hand side we get integrability conditions
of the system (15) in the form

R@)[k:@] = 53'%‘1@),@ - 5@@je>,k + @?jke ) (4)
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where we denoted
O = R?ij)[k,é] +3(Pj R — Po}f(jR?)u) - ng(R(éj)e + d(iaje))

+Poo(Ri ke +0Ga0)) = Pii Rl = Pii Ry + P Rl e+ Pl R
where “” denotes covariant derivative with respect to V.

If we apply covariant differentiation with respect to V to the integra-
bility conditions (17) of the system (15), and then pass from covariant
derivation V to V, we get

R?ij)k;lm - RZ‘j)z;mk = 6Zajk),ém - 6Zaj€),km + Tgklm ’ (5)
where we denoted

ﬂgLMm = RkaR(aij)e - R?mkRZ'j) - R?mkRZ'a)E - R?mké?ja)e

Pl o 8Gaik).e — Pori0(iaar) e — Povid(hasny.e — Pod(aij) e

- P%lééajk),a - Pﬁm%aje),k + P 5 Lok + P 5 ‘o),
+ Pﬁk%aﬂ) - %z5h‘aja) k— Gijké,m + P! ' Oiike — PmiGajké
— Py O — mk:GUOM mZGZJka .
Alternating (24) in ¢, m yields
R?ij)m ik R?ij)l‘mk - 5€Liajm)x’f¢ - 5éliaﬂ)7km + TJk[lm]
+ Rk Byme + RsjyaRiime = Riije Rome + Rogin Ryme (6
+ 0y RS + 60 @ity RS + 0(3050) Ripm — 0(50j5) Riom,

J)m

Using properties of the Riemannian tensor, we rewrite (26) as

Rzm@ ik + R]mf sik 6?iajl),km - 6?ia’jm),kf - Ni};kfm ) (7)
where the last term is
Nzgk@m = Tz}_;k[ém] + RzméR(a])k + RS méR(az)k + kaéR(z])a
- RameR?ij)k + 5(aajk)Ri€m + 5(aaik)Rjem + 5(aaij)Rkém - a(inZ)em-
Alternating (27) in 7,k we get

Rgme sik = kae 7 5@‘%‘@) km — 5Zajm),k€ - 5Zak€),jm + 5Zakm),j€ (8)
[gk]@m + Ramlek] + RwMRmk] + R?maR?kj - R?mlRij .

Let us change mutually ¢ and & in (27), and then use (29). We evaluate

2R} 0ik = 0(5050) o — O(sGjm). ke — O(k@jm).ie )

+ 050y je — O(;0ke) jm + 0(500k) im + ik
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where we used the notation
h h 5h B 5h b
Qz]k@m = —Nijrem T Nifiglhem — RaméR(k])z + R Rk + Ria Rk
h h
- Rai(j R?)me +RgaeRmzk +R},, 0 R — RamZRikj RzaéRmkg +Rm[eR

Jma alky*

On the left side of (30), let us pass from covariant derivation V to V:

2ijg ik = 5Zajz),km - 5Zajm),kz - 5élkajm),i€

+ 5(iakm)7jg - 5@aw))jm - 5?kajg)7im + Sfjwm , (10)
where
Szhjkfm = Qz;kfm -2 [Rgme Pl — Rl P — RJaZ P
- R;Imoz zpék R_]mf « zk
+ (RS, Py — RE PS— R, P — R PGP,
— (R%, Pty — R, ,P§; — RI, PS,, — R PSP} (11)
- (Rﬁmf = Rltne PS5 — RlsadPi — Ry PP,
(RWP - Raﬁep - RjazP 5 — RisaPit) Py,
— (RS, 4Pt — Rt sP% — Rh ,Po, — R PSP

Let there exist a 71-mapping of an affine manifold A,, = (M, V) onto
a Riemannian manifold V,, = (M, g) where g € TYM is a metric tensor
with components g;;. Recall that the Riemannian tensor Rhijk = R%k Jah
of type (0,4) satisfies
Rhijk + Rihjk =0. (12)
n (30), let us apply the metric tensor grs and then use symmetrization
with respect to h and j. According to (12) we get
Gin (@i, )1 + Qi kim) + Gig (@, F Qphklm) + Grn (@m0

+ aigji) + Gri (@mpin + Qph,im) + Gmn(Qrpi 0 — @ij k)

_ _ (13)

+ Gmj (@rfi,n) — Ginkt) + 915 (Qkh,il = Qith,kym)

+ 291 (ak(t,iym — @m(i k) + Gin(Qklzim — Qijem) = = kim Jalh)-
Contraction of the last formula with the dual tensor g/ (g || = ||gs;||~%)
gives

+ 2 Q (14)
Akl im — @ — Qkm.il + @ =——0f .
kl,im im,kl km,il il,km n+1 iaklm
Let us symmetrize the above formula in & and {. From (14) we get
2akl,im - 2aim,kl - 2aamRﬁk + aaiR?nlk + aakRg”'l + aalR%ik
2 (15)

+ n—+1( takim — e (klym)-
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Using (14) and (15) the equation (13) reads
2Gin (km,ji — @jm ki) + 2Gij (@hm, bl — Qhm, k1) + 2Gkn (Qim i — Qjm,it)
+ 2G5 (@im,ht — hm,it) + Gmk(Cki ji — Qrjit — Qij ki) (16)
+ Gmj(ki,ht — Qrnit — Gingkt) + 915 (Akh,im — ith,kym)
+ Gin(arj im — itk jym) = Cijkni,

where

_ 2 o
Cijknt = = kimJaln) T n—HQ?akzmgjh — Grnaar Ry,

2 o o o
+ glh( n+ 1Qmal]k - aakR(ml)j - a’Oth(l\k\m) - aalekJ aalRka)

2 (6% (6% o (7
+ i ( "t 1Qmalhk - aakR(ml)h - aahR(uk\m) — tam Rk — At Ry n)

«

2 a a
n4+1 malji aaiR(ml)j - aajR(le) aalezg + aalRmz])

+ Grn(——
2 (7 o
+ gkg( 1Qmalh1 - aaiR(ml)h - aahR(zmm) Gam Riip + aai Ryyin)-
If we contract (16) with the dual g%/ of the metric tensor, use (15) and the
Ricci identity we get
Qkem,hl — Qkl,hm = Q(H—ﬂ,g)(ghmﬂkl — Ghifkm) + Brmhi, (17)

where g, = aa@kmgo‘ﬁ, and

Bimnt = Capkmn g™’ + 3amaRij, + g(@haR?nkl + aka Lty + ala iy )
+%( lovkhm — ﬁa(kz)m)—%(@maRﬁcm+akaR%hl+ahaR$fmz+alaR%kh)
1
o+l
Now contract (16) with g**. According to (17) we get
n+3
n+1

(o7 (0% (7 1 o (7 o
(Uanem = Lea(hym) — Tah L) m + B (ko Rn +aha R+ amaRikp)-

kilbgm — Gjtfkm + Jkmitjl — Gjkm bkl = Crijm, (18)

where
Crijm = Cajit(m)aind™" = 2(n + 1)(Br(miy; — ot R
+ @ R iy + Ao ;)-

Contracting (18) with g* and using the notation K = uaggo‘ﬁ we obtain
components of the tensor u:

1 n+3 o
M = gngm + )Caﬁjmg A, (19)

nin+1
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Using (19) we can rewrite (17) in the form

K
Ak, bl — Qhm, kI = (1 3) (Gmh Gkl — GihGrm) + Akmhl, (20)

n—+3

where

Akmhi = Brmni + 3 (GhmCaprig™” — GniCaprmg™”).

2n(n+1
Combining (16) and (20) we get
GjtGihkm + GhiGijkm — GimGinkl — Ghmij,kl =
K o - - -

T n(nt3) (GinGriGim — GinGkmGii + Gij GriGhm — Gij Grm Jhl (21)

+ 39knGi1Gim — 39khTj1Gim + 3GkjGitGhm — 3GinGjkJim) + Aijkmhis
where we have denoted
Aijremht=Cljtmnt —2(Gi(h A kml )1+ Gu(h Alim|j1) = Fm(h A kil )1 — Gi(h Ak j)im) )-

Finally, symetrization of (21) in indices 4, j, followed by contraction with

g'", anables us to express second covariant derivatives of the tensor a,
Qijom = K (GijGrm + 3Tk Giym) + A kmasd™"- (22)
’ n(n+3) J J

Now we can consider (22) as the system of PDE’s (of first order) of Cauchy
type relative to the tensor Va (i.e. in a;; ), find the integrability conditions
and contract them with g¥ and g*™, respectively. We calculate VI,

n(n+ 3)

Kj= A 2
P =6 (23)

where we denoted

a o K o _
Ap = a1k Rme + CijaRime — n(nt3) (Gij,10Tmlk + GijTr[m,o
+ 39k, [0Fm)i + 3TkiTiim,o] T 3Gki,[0Tmlj + 3TkiTj[m.,e])
—« —af3 —1j =km
+ A kpmlapl. T + Aij)rimlas 791} 97"
We use f‘?j = l"fj + P?j and get
Gijk = Pial‘cgaj + Pﬁcgai- (24)
Assume the tensors Va and VR, and denote their components by ik =
aj ) and R?ju = R?jkj, respectively. Then (32) and (22) take the form

2R} ik = 00500 km — 003 @m0k @ityim — O(kjm)i
h h h (25)
+ 0 @km)j1 — O(;Qki)j,m + Sijkim
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K
oy _i'_m 3_ ‘_im Ai‘ mao —aﬁ7 26
n(n+3)(gggk + 39k 9iym) + AGij)kmasd (26)

Aijk,m =

where covariant derivatives of the tensor a;;; in (25) are supposed to be
expressed according to (26), the tensor S was introduced componentwise
in (33).

The formulas (15), (23)—(26) represent a closed system of Cauchy type
for unknown functions

9i;(x), Plj(@), aij(z), ain(z), K(z), Rij(x), Rig(z),  (27)
which, moreover, must satisfy a finite set of algebraic conditions
9i3) = Py = @lig) = alighe = Rigny = Ry = 0, det|giy (@)]| # 0. (28)
So we have proven:
Theorem 3.1. The given affine manifold A, = (M,V) admits 71-
mappings (i.e. canonical almost geodesic mappings of type m ) onto Rie-

mannian spaces Vy,= (M, g) if and only if there exists solution of the mized

system of Cauchy type (15), (23)-(26), (28) for functions (27).

As a consequence of the additional algebraic conditions, we get an upper
boundary for the number r of possible solutions:

Corollary 3.1. The family of all Riemannian manifolds V,, which can
serve as images of the given affine manifold A, = (M,V), depends on
at most

1
§n2(n2 —D+nn+1)2+1

parameters.

The above Theorem generalizes the result of Sinyukov? already men-
tioned as well as his results on geodesic mappings of Riemannian spaces.
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