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Abstract. The article is devoted to the theory of almost geodesic mappings of
the first type onto symmetric spaces. There are found certain necessary and
sufficient conditions when a space with affine connection admits a canonical
almost geodesic mapping of the first type onto symmetric space.
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1 Introduction
The article deals with further study of theory of almost geodesic mappings of spaces with
affine connection. The idea of this theory is based on the article [13] of Levi-Civita. He has
formulated and solved (in a special coordinate system) a task to find Riemannian spaces with
general geodesics.

Let us remark, that it was related with study of equations of mechanical systems. Subse-
quently, the theory of geodesic mappings has been developed by Thomas, Weyl, Shirokov,
Solodovnikov, Sinyukov, Mikeš and others. Some questions which has appeared during
studying of geodesic mappings were developed by Kagan, Vrançeanu, Shapiro and others.
Above authors have found special classes of (n− 2)-projective spaces. See [15, 16, 22].

A.Z. Petrov [19] has introduced a notion of quasi geodesic mappings. In particular, special
quasi geodesic mappings are holomorphically projective mappings of Kähler spaces. These
mappings were first studied by Otsuki, Tashiro, Prvanovich, Sakaguchi, Mikeš, and others,
see [15, 16, 14, 17, 18, 22].

A natural generalization of these classes of mappings is a notion of almost geodesic map-
pings which has been introduced by Sinyukov [22]. He introduced three types of almost
geodesic mappings: π1, π2 and π3. See also [2, 3, 18], [15] (pp. 455–462).

We note, that to a theory of almost geodesic mappings π1 is devoted many papers, for exam-
ple [1, 4, 5, 6, 7, 9, 8, 10, 18], see also in books [22] and [15] (pp. 463–480).
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Fundamental equations of canonical almost geodesic mappings of the first type of spaces
with affine connection onto symmetric spaces are described in [22] in the form of closed
Cauchy system in covariant derivatives. In this book there is determined a set of basic pa-
rameters on which a general solution of such system depends.

Let us consider a simply-connected space the dimension n of which is greater than 2. Sup-
pose that geometric objectives are continuous and sufficiently smooth.

2 Fundamental notions of the theory of almost geodesic mappings of spaces with affine
connection

Let us remind basic notions and theorems of theory of almost geodesic mappings of spaces
with affine connection as presented by Sinyukov in [22], see [15] (pp. 455–480).

We consider a space An with affine connection ∇ without torsion, which is related to a
local coordinate system x1, x2, . . . , xn with components Γhij(x) of connection ∇. A curve `:
xh = xh(t) in a space with affine connection An, n > 2, is called an almost geodesic if its
tangent vector λh = dxh(t)/dt fulfils equalities

λh2 = a(t)λh + b(t)λh1 (1)

where λh1 ≡ λh,αλ
α, λh2 ≡ λ1,αλ

α, comma denotes covariant derivative respective connection
∇ of space An, a(t) and b(t) are some functions of a said argument.

The mapping π of a space An with affine connection ∇ onto a space Ān with affine connec-
tion ∇̄ is called an almost geodesic mapping if every geodesic in space An is mapped onto
an almost geodesic in space Ān.

Theorem 1. (Sinyukov [22]) A mapping An onto Ān is almost geodesic if and only if in a
common coordinate system x1, x2, . . . , xn with respect to this mapping a connection defor-
mation tensor

P h
ij(x) = Γ̄hij(x)− Γhij(x) (2)

identically fulfils with respect to the x1, x2, . . . , xn and λ1, λ2, . . . , λn the following condition

(P h
αβ,γ + P h

δαP
δ
βγ)λ

αλβλγ = b P h
αβλ

αλβ + a λh (3)

where Γhij and Γ̄hij are components of affine connection onAn and Ān, λ1, λ2, . . . , λn are com-
ponents of some vector, a and b are functions depending on x1, x2, . . . , xn and λ1, λ2, . . . , λn.

Relating to character of a dependency of functions a and b on λ1, λ2, . . . , λn Sinyukov has
defined three types of almost geodesic mappings π1, π2 and π3.

We have proved (see [2, 3], [15] (p. 459)) that in the case n > 5 there does not exists any
other type of geodesic mapping.

Especially, a mapping π1: An → Ān is a almost geodesic mapping of the type π1 if in a
common coordinate system with respect to π1 the following conditions are fulfil

P h
(ij,k) + Pα

(ijP
h
k)α = δh(iajk) + b(iP

h
jk) (4)
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where aij is a symmetric tensor, bi is some covector and brackets denote a symmetrization
with respect to denoted indices.

If a covector bi is identically equal to zero then the mappings is called canonical almost
geodesic mapping of the type π1.

It is known (see [22]) that any almost geodesic mapping of the type π1 may be represented
in the form of a composition of canonical geodesic mapping of the type π1 and a geodesic
mapping.

3 Diffeomorphisms of spaces with affine connection onto symmetric spaces
A space with affine connection Ān is called (local) symmetric, if the Riemann tensor is
absolutely parallel (P.A. Shirokov [20, 21], É. Cartan [11], S. Helgason [12]). By this way,
symmetric spaces Ān are characterized by

R̄h
ijk|m(x) ≡ 0 (5)

where R̄h
ijk is the Riemannian tensor of Ān, symbol “ | ” denotes covariant derivative with

respect to connection ∇̄ of a space Ān.

By diffeomorphism of spaces with affine connection we mean a bijective smooth mapping,
the inverse of which is also a smooth mapping. Almost geodesic mappings have an important
role between diffeomorphisms of spaces with affine connection.

Let us suppose that a space An with affine connection ∇ admits a diffeomorphism f onto
a space Ān with affine connection ∇̄ and these mappings are related to a common coordi-
nate system (x1, x2, . . . , xn) with respect to the mapping f . For covariant derivative of the
Riemannian tensor R̄h

ijk of space Ān with affine connection ∇̄ we have

R̄h
ijk|m =

∂R̄h
ijk

∂xm
+ Γ̄hmαR̄

α
ijk − Γ̄αmiR̄

h
αjk − Γ̄αmjR̄

h
iαk − Γ̄αmkR̄

h
ijα. (6)

Considering (2) we may formula (6) written in the form:

R̄h
ijk|m = R̄h

ijk,m + P h
mαR̄

α
ijk − Pα

miR̄
h
αjk − Pα

mjR̄
h
iαk − Pα

mkR̄
h
ijα. (7)

In what follows we suppose that a space Ān is symmetric. With respect to the formula (5)
we obtain from (7):

R̄h
ijk,m = −P h

mαR̄
α
ijk + Pα

miR̄
h
αjk + Pα

mjR̄
h
iαk + Pα

mkR̄
h
ijα. (8)

Formulas (8) hold for diffeomorphisms of any nature of spaces with affine connection onto
symmetric spaces respective to common coordinate system (x1, x2, . . . , xn).

4 Canonical almost geodesic mappings of the first type of spaces with affine connection
onto symmetric spaces

Let us consider a canonical almost geodesic mappings of spaces An with affine connection
onto symmetric spaces Ān. It is well known (see [22], [15] (p. 463)) that equations (4) may
be expressed in the form

3 (P h
ij,k + Pα

ijP
h
αk) = Rh

(ij)k − R̄h
(ij)k + δh(kaij) + b(iP

h
jk) (9)
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where Rh
ijk is the Riemannian tensor of a space An.

Therefore canonical almost geodesic mappings of the first type of spaces with affine connec-
tion will be characterized by equations

P h
ij,k = −Pα

ijP
h
αk +

1

3
(Rh

(ij)k − R̄h
(ij)k + δh(kaij)). (10)

Covariant differentiate (10) with respect to xm. Considering formulas (8) and (10) we may
derive:

P h
ij,km = − 1

3
Rα

(ij)mP
h
αk − 1

3
Rh

(αk)mP
α
ij + 1

3
Rh

(ij)k,m + P β
ijP

α
βmP

h
αk+

P β
αkP

h
βmP

α
ij + 1

3
(R̄α

(ij)mP
h
αk + R̄h

(αk)mP
α
ij + P h

mαR̄
α
(ij)k − Pα

mkR̄
h
(ij)α−

Pα
miR̄

h
(jα)k − Pα

mjR̄
h
(iα)k − δα(maij)P h

αk − δh(αakm)P
α
ij + δh(kaij),m).

(11)

Alternating (11) with respect to k and m and using Ricci identity and properties Riemannian
tensor we may obtain:

δh(maij),k − δh(kaij),m = −3P h
αjR

α
ikm − 3P h

iαR
α
jkm −Rα

(ij)mP
h
αk +Rα

(ij)kP
h
αm+

Rh
(ij)k,m −Rh

(ij)m,k + 3R̄h
αkmP

α
ij − Pα

miR̄
h
(jα)k + Pα

kiR̄
h
(jα)m − Pα

mjR̄
h
(iα)k+

Pα
kjR̄

h
(iα)m − δα(maij)P h

αk + δα(kaij)P
h
αm.

(12)

Contracting equation (12) with respect to indices h and m we may derive that

(n+ 1) aij,k − aik,j − ajk,i =

−3P β
α(jR

α
i)kβ − P

β
αkR

α
(ij)β + P β

αβR
α
(ij)k +Rβ

(ij)k,β −R(ij),k + 3Pα
ijR̄αk−

Pα
βiR̄

β
(jα)k + Pα

kiR(jα) − Pα
βjR̄

β
(iα)k + Pα

kjR̄(iα) − δα(βaij)P
β
αk + a(ijP

β
k)β

(13)

where Rij , R̄ij are Ricci tensors od spaces An and Ān, respectively.

Alternating equations (13) with respect indices j and k we may derive that

aij,k − aik,j = 1
n+2

[
P β
αk(R

α
ijβ +Rα

βji)− P
β
αj(R

α
ikβ +Rα

βki) + 3P β
αβR

α
ijk+

3Rβ
ijk,β −R(ij),k +R(ik),j + 2Pα

ijR̄αk − 2Pα
ikR̄αj + Pα

kiR̄jα − Pα
jiR̄kα−

Pα
βjR̄

β
(iα)k + Pα

βkR̄
β
(iα)j − aijPα

αk − aαjPα
ik + aikP

α
αj + aαkP

α
ij

]
.

(14)

Wit respect to equations (14) we may the equation (13) write in the form:

(n− 1) aij,k = −3P β
α(jR

α
i)kβ − P

β
αkR

α
(ij)β + P β

αβR
α
(ij)k +Rβ

(ij)k,β −R(ij)k+

3Pα
ijR̄αk − P β

αiR̄
α
(jβ)k + Pα

kiR̄(jα) − P β
αjR̄

α
(iβ)k + Pα

kjR̄(iα)−

δα(βaij)P
β
αk + δα(kaij)P

β
αβ − 1

n+2
B(ij)k

(15)
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where

Bijk = P β
αk(R

α
ijβ +Rα

βji)− P
β
αj(R

α
ikβ +Rα

βki) + 3P β
αβR

α
ijk + 3Rβ

ijk,β−

R(ij),k +R(ik),j + 2Pα
ijR̄αk − 2Pα

ikR̄αj + Pα
kiR̄jα − Pα

jiR̄kα−

Pα
βjR̄

β
(iα)k + Pα

βkR̄
β
(iα)j − aijPα

αk − aαjPα
ik + aikP

α
αj + aαkP

α
ij .

Evidently, equations (8), (10) and (15) in a given space An present a form of closed Cauchy
system with respect to functions R̄h

ijk(x), P h
ij(x) and aij , which, naturally, must fulfil the

following algebraic conditions

R̄h
i(jk) = R̄h

(ijk) = 0, P h
ij = P h

ji, aij = aji. (16)

Theorem 2. A spaceAn with affine connection admits a canonical almost geodesic mapping
of the type π1 onto symmetric space Ān if and only if in An there exists a solution of mixed
closed Cauchy system (8), (10), (15) and (16) with respect to functions R̄h

ijk(x), P h
ij(x) and

aij(x).

Evidently, general solution of a mixed closed Cauchy system (8), (10), (15) and (16) depends
at most on 1

6
n (n+ 1) (n2 + 2n+ 3) real parameters.

Theorem 2 above precises results of theory of canonical almost geodesic mappings onto
symmetric spaces which have been obtained in [22] and [8, 7].
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