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1 Introduction

The paper is devoted to further study of the theory of almost geodesic mappings of affinely
connected spaces. The theory goes back to the paper [16] of Levi-Civita, in which the problem
on the search for Riemannian spaces with common geodesics was stated and solved in a spe-
cial coordinate system. We note a remarkable fact that this problem is related to the study of
equations of dynamics of mechanical systems.

The theory of geodesic mappings has been developed by T. Thomas, H. Weyl, P. A. Shirokov,
A. S. Solodovnikov, N. S. Sinyukov, A. V. Aminova, J. Mikes§, and others, see [19, 23, 27].

Issues arisen by the exploration were studied by V. F. Kagan, G. Vran¢eanu, Ya. L. Shapiro,
D. V. Vedenyapin et al. The authors discover special classes of (n — 2)-projective spaces.

In [24], Petrov introduced the notion of quasi-geodesic mappings. In particular, holomorphi-
cally projective mappings of Kéhlerian spaces are special quasi-geodesic mappings; they were
examined by T. Otsuki and Y. Tashiro, M. Prvanovi¢ and others.

A natural generalization of these classes of mappings is the class of almost geodesic mappings
introduced by Sinyukov (see [26, 27, 28]); he also specified three types of almost geodesic
mappings 71, T, 3.
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The types of almost geodesic mappings 7y, o, 73 can intersect. The problem of completeness
of classification had long remained u nresolved. Berezovskii and Mikes [4, 5] proved that for
n > 5 other types of almost geodesic mappings except 7, o, and 73 do not exist.

The theory of almost geodesic mappings was developed by V. S. Sobchuk [30, 29], N. V.
Yablonskaya [33], V. E. Berezovskii, J. Mikes [1, 2,3,5,6,7,8,9, 10, 12, 11, 23, 21], Lj. S. Ve-
limirovié, N. Vesi¢, M. S. Stankovi¢ [32] et al. An interesting generalization is rotary mapping,
see [22].

The paper is devoted to study canonical almost geodesic mappings of type ms(e) (e = £1) of
spaces with affine connections onto two-symmetric s paces. The main equations for the map-
pings are obtained as a closed mixed system of PDEs of Cauchy type. We have found the
maximum number of essential parameters which the general solution of the system depends on.

The investigations use local coordinates. We assume that all functions under consideration are
sufficiently differentiable, n is the dimension of the studied spaces, and we suppose that n > 2.

2 Basic definitions of almost geodesic mappings of spaces with affine connections

Let us recall the basic definition, formulas and theorems of the theory presented in [9, 23, 21,
26, 27, 28].

Consider a space A,, with affine connection F?j without torsion. The space is referred to coor-

dinates z!, 22, ..., 2"

A curve [: z" = 2"(t) in the space A, is a geodesic when its tangent vector \"(¢) = da"(t)/dt
satisfies the equations

A1 = p(t) - A
where
A=At = di;ft) + T2 (@ ()N ()N (2),
and p(t) is some function of t. We denote by comma “,” the covariant derivative with respect

to the connection of the space A,,.

A curve in the space A, is an almost geodesic when its tangent vector \(t) = da"(t)/dt
satisfies the equations
M= a(t) - "+ b(t) - M

where A} = A A%, and a(t), b(t) are some functions of the parameter ¢.

We say that a diffeomorphism f: A, — A, is an almost geodesic mapping if any geodesic
curve of A,, is mapped under f onto an almost geodesic curve in A,,.

Suppose, that a space A, with affine connection F?j (x) admits a mapping f onto space A,

. . =h .
with affine connection I';;(), and the spaces are referred to the common coordinate system

abta?

The tensor

Pli(x) = T, (w) — T (), (1)

: . : —h : .
is called a deformation tensor of the connections I'; (2) and T';;(x) with respect to the mapping

f. The symbols I'?.(z) and FZ(:E) are components of affine connections of the spaces A,, and
A, respectively.
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According to [27, 28], a necessary and sufficient condition for the mapping f of a space A,
onto a space A, to be almost geodesm is that the deformation tensor Ph( ) of the mapping f
in the common coordinate system z', 2%, ..., 2™ has to satisfy the condition

Aam)\‘“)\ﬁ)ﬂ = a-PLXN +b- A\

where A" is an arbitrary vector, a and b are certain functions of variables z', 2%,... 2" and
A A2, X" The tensor A7y is defined as
A?jk ES P]k +P3P£k:
A mapping f: A, — A, is called an almost geodesic of type T, if the conditions
Pl = 6(y) + Fligy, (2)
F(};,j) + FLLF(CZ%) = 58‘%) + F[ﬁpj), 3)

holds. Here 1;, ¢;, i, p; are some covectors, Fih is a tensor of type (1, 1), 5;1 is the Kronecker
delta and round bracket is denoted symmetrization.

We consider mappings 7 : A, — A, characterized locally in a common coordinate system by
the equations (2) and (3) as corresponding to F*(z).

A mapping 79 satisfies a mutuality condition if the inverse mapping is also an almost geodesic
of type m, and corresponding to the same affinor F*(z).

The mappings 7o satisfying a mutuality condition will be denoted as 7 (e), where e = £1,0,
and for [ the following identity holds:

F? = —el. 4)

As it was proved in [31], in the case when e = =+1 the basic equations of the mappings 7 (e)
can be written as the equations (2), (3) and (4):

6h 7

) ij ijk’

5
F(};j) = F(}fﬂj) - 58‘Fj)ﬂm 1(ij) =Oij» ©)

where F}'(x), F}(x), pi(x), pi;(2) are unknown functions. The above tensors are as follows:

kji FaRh]k + FaRZik + Fy RZW

1 2 2 2,
@f =0+ @Zﬁ— o) +2F'R;
2 h o

@ — 0 Ffkttas
3h o h
@7,] _@ - @ +F RO{’Lk F ]Zk?’

4

L5
O = Fg O +2F5F,

5 1 N T
@jkz ( Fg)Q_l((n_l_FOé>®l]+@aﬂFlE])’
Gh 1 1,
Ok =3 (thu i+ F g + Fl gy — 07 mry — 0fmypag — pmyn+ ),
7 1,5 5 5
Oijk = ta Ry + 5 (O + Oukj — Ojni), mij = I paj,

2
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where R’ (z) is the Riemann tensor of the space A,. We denote by the brackets [i, k] an
operation called antisymmetrization (or, alternation) without division with respect to the indices

7 and k.

Obviously, right hand sides of the equations (5) depend on unknown functions F}*(x), F[J’ (x),
p1:(2), pij (), and on the components I'};(z) of the space A,.

The equations (5) and (6) form a closed mixed system of PDE’s of Cauchy type with respect to
functions F'(x), F}}(x), ps(x), p1ij(x). Also the mapping m5(e) depends on unknown functions
Yi(x), ¢;(z) (see equations (2)).

An almost geodesic mapping 7o for which ¢; = 0 is called canonical. 1t’s known [28] that any
almost geodesic mapping 7, can be written as the composition of a canonical almost geodesic
mapping of type m and a geodesic mapping. The latter may be referred to as a trivial almost
geodesic mapping.

Hence a canonical almost geodesic mapping mo(e) (e = £1), determined by the equations
Pj = Fiigj), (7
and also by the equations (5) and (6).

3 Canonical almost geodesic mappings 75 (e) (e = +1) of spaces A,, with affine connec-
tion onto two-symmetric spaces

A space A, with affine connection is called two-symmetric if its Riemann tensor satisfies the
condition

—h
Rijk|ml =0,
—=h . . — )
where R is the Riemann tensor of the space A,. By the symbol * |” we denote a covariant

derivative with respect to the connection of the space A,,.

It is understood that in two-symmetric spaces A,, the conditions

—h
are satisfied.

Then the two-symmetric spaces are other than symmetric spaces.

We recall that symmetric spaces A, are characterized by

—h
Rijk|m = 0.
Symmetric spaces were introduced by P.A. Shirokov [25] and E. Cartan [13], see also S. Hel-
gason [14]. Geodesic mappings of this spaces were studied by N. S. Sinyukov [27], and I. Hin-
terleitner and J. MikeS [15]. Geodesic mappings and holomorphically projective mappings of

two-symmetric Riemannian spaces were stadied by J. Mikes [18, 17], see [19, 20, 23, 27].

Let us consider the canonical almost geodesic mappings of type m(e) (e = =1) of spaces
A,, with affine connection onto two-symmetric spaces A,,, which are determined by the equa-
tions (5), (6) and (7). Suppose, that the spaces are referred to the common coordinate system

abta?



Since

—h aﬁl]k =h o =a —=h o —=h
ijklm — oxm F Raﬂc ijRiak mk:Rija7
then taking account of (1) we can obtain
R = Rojpn + PRy, — PoRe s — PRy — PR )
Since according to the definition of covariant derivative
—p
_ OR
h _ ijk|m h
(Rijk\m)J - Ol + T legk\m leRajk\m I Rzozk|m
_F Rz]a|m - leRz]k|a7

then taking account of (1), we have

h
ijklm)

—h

5} h Hh e
(R ) - szk|ml PaZRUk|m + 15 Ra]k|m + ]leak\m

)
+PklRija\m + P, le]k\a

Differentiating (8) with respect to ' in the space A,,, we obtain

—=h ——=h B h B —=h
(Rijldm)’l = Rijk,ml + Pma lR" + P, aRz’jk,l mz lRajk mzRajk,l

Paj ZR Pr?z T{wzkzl PaklR PakR

(10)

ija,l”
Substituting in (9) from (10), we have

—h —h R J—
Rk = Rijk|ml — PoRijkim + Pif Bojipm +

+P R Pt
—h —h
+ P Biok + P Riak, + P, zR

jZRzak|m + Pkle]a|m
E;‘);‘k - PT}rLLaEZ‘k,l + P lRajk + Pﬁz}_%a]kl (1)
+ PR

ijkla T

ijo ija,l”

Suppose that the space A,, is a two-symmetric space. Then the formula (7) holds. Hence from
(11) we obtain

h —h

Rijk ml — _Ptille]k\m + il R()éjk‘lm + lezak|m + Pkle]a|m
+PalRij|oz Pr}lbwc lR“ - Prlrlwaﬁj;kl + PT?CLZ lRajk + P%’LFOCJICZ (12)
+Pa] leak + p%jﬁwzk’l + Pak ZRZ]()L + Pak’RZ]al
We introduce the tensor Rw wm defined by
—h —h
Riitm = Rijim- (13)

It’s known [27, 28] that the Riemann tensors of the spaces A,, and A,, are related to each other
by the equations

- le «

Rijk:R?jk Pk] Phk+ ikP(ilj_ ijptilkz' (14)

(2
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Since the deformation tensor of the mapping Ph( ) is represented by the equations (6), it fol-
lows from (14) that
@Z]Fk +30k]F Qosz _(ngF _C]ku (15)

where
Chy = Ry — Bl — i(Bly + 0aFEF) + efip; — Fli — o FPF! — by
+ou (Fly + 0al T F]) = 05 (Fly + 0aFYFY).

Let us multiply (15) by F;" and contract for [ and /. Hence we have
Op'Pij + 07" kg — 05 ik — 0, 0jp = eClp . (16)
Contracting the equations (16) for m and ¢ we get

—— O, FP. 17)

e
Pkg — Pik = np 1R

Again, contracting the equations (16) for m and k£ we get
@i — P = eCiiaFy. (18)
Taking account of (17) the equations (18) can be written as
e 1
_ a a B
pig = — (Cijs = n—HCﬁji)Fa- (19)
And finally, taking account of (4), (6) and (13) the equations (12) can be written as

—h —a o h a . h o . P
Rijkm,l = _F(ZSOZ)Rz]Mm + F(z gpl)Rajk\m + F( 'SOZ)Riak:\m + F(kgol)Rijodm

o —h
+F(m90l)Rijk|a - (F(m|l\9006) + F(m(pa) )R F(mgpa)kal
o o —=h ——=h
+(Fup i) + Fnpira) Rogr + FmSOi)Rajkz + (Foupen + FGuiy i) Riak
o ——=h
+F(m§0j)Riakl + (F(meOk) + FmSOk )sza + Fm(pk?)Rwal

(20)

Suppose, that in the equations (20) the tensors R

ijk|lm
—h
= R,

and (19). Also we suppose that ka m iikm- Obviously, in the space A, the equations
(4), (13), (19) and (20) form a closed mixed system of PDE’s of Cauchy type with respect

to functions F!"(x), F/(x), (), i (), Rip(@), By (), @i(), and the functions A (x),
Fl(x), pi(x), pij(x) must satisfy the algebraic conditions (5). The algebraic conditions for the

and (; ; are expressed according to (8)

functions Rh]k( ) and RU o () are
—h —h —h —h
Rigiy =0, By =0, Rigiym =0, Rgjeym = 0,
—h —a
Ri(jkm) F(mSOa)R F(Wa)R F(ZL‘SOO&)Rikm 1)

—h
+ F(mgpl)Rozjk + F(k(IDZ)R  + F(j('pl)R

Hense we have proved

Theorem. In order that a space A,, with affine connection admits an almost geodesic mappings
of type ms(e) (e = £1) onto a two-symmetric space A,, it is necessary and sufficient that the
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mixed system of differential equations of Cauchy type in covariant derivatives (5), (6), (13),
(1}?), (20), (21) has a solution with respect to functions F'(x), Fz’; (@), pi(x), pij(x), E?jk(x),
Rijkm(x)’ wi(T).

It’s obvious, that the general solution of the mixed system of Cauchy type depends on no more
then $n(n* — 1) essential parameters.
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