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ON THE CLASSIFICATION OF ALMOST GEODESIC MAPPINGS OF
AFFINE-CONNECTED SPACES

Vladimir Berezovski, Josef Mike$

ABSTRACT

It is shown that except for T,, w and T, other almost geo-
desic mappings of affine-connected spaces (without the tor -
Sion and with it) do not exist if the dimension of space
i8 n > 5. An analogous assertion is true for infinitesimal
almost geodesic transformations.

The present paper is devoted to an investigation
of the complete classification of almost geodesic mappings
of affine-connected spaces without torsions. It is proved
that almost geodesic mappings of spaces with affine connec-
tions An without torsions can only be of m, 7, and my ty-
pes.

Let us recall some basic conceptions.

DEFINITION 1. [3] . 4 curve of a space with affine connection
A 18 called an almost geodesic line, if its tangential vec-

tor J\h de dxh/dt satisfies the equations J\g = a(t) Ah+b(t)3\?
h def \h .« h def ,h .o .
Mo AL Ay = Ms A were the comma denotes the covari-

ant derivative with respeet to the connection Rn a and b are

This paper is in a final form and no version of it
will be submitted for publication elsewhere.
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functions of a parameter t.

DEFINITION 2. [3]. 4 mapping f of the space with affine con-
neection An onto a space with affine connection ﬁn i8 cal-
led an almost geodesic mapping if any geodesic line of the

space A turns into the almost geodesic line of the space

An-

THEOREM: [3]. In order that the mapping of An onto En should
be almost geodesic, it is necessary and sufficient that in
the general, respective to the mapping coordinate system,the
deformation tensor P?j(x) should satisfy tdentieally the con-

ditions
h o, By Y - h h ,a,8
(1) AGBY ATATA ai +b PGBK AT
respective to x1, xz,..., x" and 11, 12,..., An, where the

latter are components of an arbitrary vector; a and b are in-

variants, dependent on x1,..., xn, A ,...,An; N‘dQIPh ¥
h £ X X aBy . (aB'Y) :
+P P » the brackets denote the symmetrization with the di-
Slo "B, -h h h ,=h :
vision, 1j(x) = Fij(x} - rij(x)‘ rij(rij) are affine con-

nections of A (Rn).

According to the dependence of invariants a and b
on A1, :\2,..., A", N.S.Sinyukov [3] singled out the tree ty-
pes of the almost geodesic mappings, Tys Tps Ta. Namely,

(1) The mapping is said to the almost geodesic of ™
type, if
h h h
2 Nija = 5 + <P
(2) (igk) = 2(i5%k) * PiPhk) o

where aii and bi are tensors.

(2) The mapping is satd to the almost geodesic of L
type,if
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h _ .h h
(32) Pag = St et

h h h h.a ]
(3b) Flavi) = Sy * PPy * Pty

; h . 3
where Fi i8 an affinaor, and wi, ¢i’ Nj» Py» Ty are covee-
tors.

(3.) The mapping is said to the almost geodesic of Tg
type, if
h h h
p,, = . sy
(4a) i = Sy o ey
B uh h
(4b) ¢’1 =9 91 + 951 ’

h ; a . ;
where ¢ , wi' Bi are vectors, p is an invartant, and mijta

a symmetric tensor.

One should note that these types of almost geodesic
mappings can intersect.

It takes the following result.

THEOREM. Only three types, Ty, T, and Ta, of almost geodesic
mappings of spaces with affine connection An onto An (n>5)

can exist.

Pr o o F

"~ Let us consider an almost geodesic mapping of spa-
ces with affine connection Arl onto ﬁn. With these mappings,
conditions of necessity and sufficiency (1) must be satisfied.
Obviously, the basic equations of the almost geodesic mappings
Ty» Tp and w3 are simpler than the basic equations (1). This
is due to the fact that in (1), coordinates of an arbitrary
vector Ah were included as well as functions a and b, depen-

dent on the coordinates of a point {x1, xz,...,x") and vector

Ah. Statisfying one of the relations, either (2) or (3) or

(4), leads to the realization of (1). The proof of the theo-
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rem obviously, is concerned with proving the inverse, na-
mely, that (1) leads to the satisfying of either conditions
(2) or (3) or (4).

Let us consider relation (1). Multiplying it by
vectors Ah and PEB A%28 with the following alternation with
respect to the indices h, i, j, we have

[h i < J] ye,B8,Y,8,e,n _
(5) Asay Pee S50 AMAIAAT =0,

where [i,j,k] denote the alternation.

This relation is a homogeneous six-order polynomial
with respect to a component of an arbitrary vector Ah and
tensors A:BY ‘Pgsare dependent only on coordinates of a
point xh . By'virtue of the arbitrariness of Ah, condition
(5) is equal to the relation

[h i J% -
(6) Alagy Psc Sy = O

Conditions (5) and (6) are the basic equations of
the almost geodesis mappings, as well. In particular, a map-
ping is said to be the almost geodesis if and only if the de-
?j satisfies equation (6).

In the following we shall exclude from considera-
tion the situation when the almost geodesis mapping is the
geodesic one. The latter are the partial, but well studied
case of almost geodesic mappings. Hence, we shall suppose
that the deformation tensor P?j satisties the condition

formation tensor P

h

h h
(7) Pl; 2 63u; + 85u,.

where ¢1 is a covector.

Condition (7) providesthe existence of such a vec-

tor €' that p-I and ph = Ph e%? are not colinear.

o
Then, contracting (6) by s“egaTeacesn and by virtue of the
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i

noncolinearity of the vectors e' and p , we aget
(8) Ah e%eBeY =y ah + W ph,
Y i 2
where W, and W, are invariants. Contracting (6) by eYeSefeNeh

eYedeEen and €°¢%¢", in turns, and taking into account (8)

and the intermediate results we have obtained, in total we
are convinced that the tensor A?jk can be represented as

) ; 1 3
h _,h h h h2 h
(%) ST RS I L IO M e [ M L F
h 1 2 3
where Fi' ajk, wjk, Hijk, wijk, bi are tensors.

Thus, the following assertion is proved.

LEMMA . .If A admits an almost geodesic mapping onto A, » dif-
ferent from the geodesic one, then condition (9) is satisfi-

ed.

Obviously, if the almost geodesic mapping is diffe-
rent from mapping Ty then the tensor

(10) A

3

1 2
h h h h

1jkE F(i wjk} + € Hijk + p
In the following we shall consider the almost geo-
desic mapping, different from my, for which (10) is true.Then,
using (9) we shall exclude from (6) the tensor, and after trans-
formations we get
=Ih o8 ' 4.
(11) A(uﬂy Pﬁe n) * 0.
It can be shown that condition (10) provides the existence of vector 51.
such that

(;:\(';B\J 81 - Algy sh) &%e8zveE 2 0.
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Using then, an analogous contraction of (11), by turn, we
get

; h _ .h h h 1 h 2  -p3 -h 4
) Pig Opivyy * Fidgy v by v P Wy HEW 5 ¥ PV 450
where w}j s ng. w$j, wij. Eh are tensors.

Let us denote

=h h 1 h 2 N3
= ]

h 4

If ﬁ?j = 0, then from (12), there follows (3a). Naturally,
we suppose that b5 # 0, then condition (1) can be written in
the form

h h ¢ eh
+b Fa

a,B A

h e OBy 3V Lo
(F + FE Fa¢ﬂ) ATA ¢v1 =a A

where a and b are invariante dependent of xh and Ah. Since

Vs £ 0, it is not difficult to obtain from the latest

(14) ) o F

h o
o, B € A

E a,B _ = ,h ™~
i ¢B} ACA" =a x +b Fa

? + . Gh and using the methods des-

Assuming that F? £ pé 5
cribed in [2], the correctness of (3b) follows from (14), i.e.
on these conditions the mapping is on almost geodesic mapping

of the m, type.

when F7 = ps" + n. 0" , in this case the deformati-
on tensor ng takse the form (4a). Substituting them into (1),
we get
O LI L L

auB sV

where a, b are invariants dependent on xh and Ah.

Since aij £ 0, it is easy to obtain from these re-



lations

=
2 h

-
L+ b Gh.

8" A% =
From this relation it is easy to obtain (4b), i.e. the map-
ping is on almost geodesic of the Mg type.

h

Assuming ﬁij 0 we get

h h h h h h h
.y = T i o bpW.S+ e, +pW, .,
(15) Pyj = S(q¥s) * Olugy * euyy * P55 * €315 * P gij
Using equations (1) and (15) and taking into account
that the space dimension n > 5, it is easy to show that the
deformation tensor qu takes either form (2) or (3a) or (4a).
Thus, the theorem has been proved.
Analogous conceptions were introduced for almost geo-
desic mappings of affine-connected spaces with a torsion
[5], and the theorem is true in this case too.

In [4] infinitesimal almost geodesic transformations
are considered. It is true for them that other infinitesimal
almost geodesic transformation, different from Tys Ty and
LE types, do not exist.
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