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Abstract: In the paper we consider almost geodesic mappings of the first type of spaces with
affine connections onto generalized 2-Ricci-symmetric spaces, generalized 3-Ricci-symmetric spaces,
and generalized m-Ricci-symmetric spaces. In either case the main equations for the mappings are
obtained as a closed system of linear differential equations of Cauchy type in the covariant derivatives.
The obtained results extend an amount of research produced by N.S. Sinyukov, V.E. Berezovski,
J. Mikes.
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1. Introduction

In the sixties of the preceding century, N.S. Sinyukov [1] considered almost geodesic
mappings of Riemannian and affinely connected spaces, that generalize the geodesic
mappings in a natural way. The main results were presented in a monograph [2] and an
expository article [3]. Geodesic mappings and their generalizations are studied in detail in
monographs [4-6] and researches [7-9] by J. Mikes et al.

The theory goes back to the paper [10] by T. Levi-Civita, in which the problem on the
search for Riemannian spaces with common geodesics was stated and solved in a special
coordinate system. We note a remarkable fact that this problem is related to the study
of equations of dynamics of mechanical systems. That direction is developing according
to Petrov’s plan to build models of physical processes using mappings and transforma-
tions [11]. For example, in papers [12,13] is shown the possible physical application of
almost geodesic mappings.

N.S. Sinyukov specified three types of almost geodesic mappings 71, 7p, 73. The
problem of completeness of classification had long remained unresolved. Berezovski and
Mikes [14,15] proved that for n > 5 other types of almost geodesic mappings except for
11, 112, and 7t3 do not exist. The authors have found conditions for the almost geodesic
mappings 71, 71, 713 intersections. It is proved that if an almost geodesic mapping f is
simultaneously 711 and 71y, then f is a mapping of affine connection spaces with a preserved
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linear complex of geodesic lines. If the mapping f is simultaneously 71y and 73, then fis a
mapping of affine connection spaces with a preserved quadratic complex of geodesic lines.
The mappings preserving above mentioned complexes studied by V.M. Chernyshenko [16]
and V.A. Dobrovolski [17].

The theory of almost geodesic mappings was developed by V.A. Aminova, A.M. Mukha-
medov [18], V.S. Sobchuk [19,20], N.Y. Yablonskaya [21,22], V.E. Berezovski, J. Mikes [14,15,23-35],
O. Belova, J. Mikes, K. Strambach [36,37], M.S. Stankovig, Lj.S. Velimirovi¢, N. Vesi¢, M.Lj.
Zlatanovi¢ [38-44] et al.

N.S. Sinyukov [3] proved that the main equations for canonical almost geodesic map-
pings of spaces with affine connections onto Ricci-symmetric spaces can be written as a
closed system of partial differential equations of Cauchy type in covariant derivatives. It
follows that the general solution of the system depends on a finite number of essential
parameters.

The results were extended by Berezovski and Mikes [28,34] to the cases of canonical
almost geodesic mappings of the first type of spaces with affine connections onto Rieman-
nian spaces and canonical almost geodesic mappings of the first type of spaces with affine
connections onto generalized Ricci-symmetric spaces.

The paper is devoted to the study of canonical almost geodesic mappings of type 7
of spaces with affine connections onto generalized 2-Ricci-symmetric, generalized 3-Ricci-
symmetric, and generalized m-Ricci-symmetric spaces. The fundamental equations for
the mappings are derived in the form of the closed systems of Cauchy-type PDEs. The
maximum number of essential parameters on which general solutions of these systems
depend was estimated. V.R. Kaigorodov [45] comprehensively studied generalized sym-
metric and recurrent spaces from the point of view of the General Theory of Relativity. This
review contains 97 citations and is a through analysis of this issue.

Let us note that in works [7,8,24,46-50] were studied geodesic and holomorphically
projective mappings of above mentioned spaces. For the other mappings the main equa-
tions are obtained as closed systems of PDEs of Cauchy type, see [5,6,51-54].

2. Basic Definitions of Almost Geodesic Mappings of Spaces with Affine Connections

Let us recall the basic definition, formulas and theorems of the theory presented
in [2,5,6].
Consider an n-dimensional space A, with affine connection FZ without torsion. The

space is referred to coordinates a1 x2,...,x". We assume that all functions under consider-

ation are sufficiently differentiable, and we suppose that n > 2.

A curve defined in a space with affine connection is called almost geodesic if there exists
a two-dimensional (differentiable) distribution D parallel along the curve (relative to the
affine connection) such that for any tangent vector of the curve its parallel translation along
the curve belongs to the distribution D [5].

A mapping f: A, — Ay is called almost geodesic if any geodesic curve of A, is mapped
under f onto an almost geodesic curve in Aj,.

Suppose, that a space A, with affine connection Fg(x) admits a mapping f onto a
space A, with affine connection T?j (x), and the spaces are referred to a common coordinate

system x!,x2, ..., x" with respect to the mapping.

The tensor _
Pli(x) = Tli(x) - Th (x) 1)
is called a deformation tensor of the connections FZ.(x) and fg(x) with respect to the map-
ping f. The symbols I‘Z.(x) and ﬂ}(x) are components of affine connections of the spaces

Ay and A, respectively.
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It is known [2] that in order that a mapping of a space A, onto a space A, to be almost
geodesic, it is necessary and sufficient that the deformation tensor Pé‘- (x) of the mapping f

1,2

in the common coordinate system x*, x~, ..., x" has to satisfy the condition

Al AAPAT = a- PUAAP b A,

2

where A" is an arbitrary vector, 2 and b are certain functions of variables x1,x2,...,x" and

AL A2, .., A" The tensor A?jk is defined as

hodef pn o ph
Ajj = Pijy + PPy,
where the comma “,” denotes the covariant derivative with respect to the connection of the
space Aj.

N. S. Sinyukov [2] distinguished three kinds of almost geodesic mappings, namely 7y,
72, and 713 characterized, by following conditions for the deformation tensor.

A mapping f : A, — Ay is called an almost geodesic of type 7y, if the conditions
h h h
Aty = 260 P/ @

are satisfied, where 4;; is a symmetric tensor, b; is a covariant vector and 55’ is the Kronecker
delta. We denote by the round parentheses a symmetrization without division with respect
to the mentioned indices.

If in the Equation (2) the condition b; = 0 holds, then the almost geodesic mapping 73
is called canonical. It is known [3] that any almost geodesic mapping 7r; may be written
as the composition of a canonical almost geodesic mapping of type 711 and a geodesic
mapping.

A mapping f: A, — Ay is called an almost geodesic of type 71, if the conditions

h h h h h h h
Pij = 8y + Fipj and Fi .+ FEFie; = 0g1) + Fipj)

holds, where ¢;, @i, ui, pi are covectors, Fl-h is a tensor of type (1,1).
A mapping f: A, — Ay is called an almost geodesic of type 73, if the conditions

Pil} = 5?1-1,0]-) + Ghai]- and 0/@ =p- (Slh + Ghai

holds, where 6" is a torse forming vector, ¢;, a; are covectors, aj is a symmetric tensor and
p is a function.

As we have noted above, the mentioned types of mappings 711, 712 and 713 can intersect.
The classification completeness for spaces with affine connections of dimension # > 5 has
been proved in [14,15].

3. Ricci-Symmetric, Generalized Ricci-Symmetric, 2-Ricci-Symmetric and Generalized
2-Ricci-Symmetric Spaces

A space A, with an affine connection is called Ricci-symmetric if its Ricci tensor R;;
satisfies the condition

The symbol “;” denotes a covariant derivative with respect to the connection of the
space Aj.

In [3] N.S. Sinyukov considered canonical almost geodesic mappings of the first type
of spaces with affine connections onto Riemannian Ricci-symmetric spaces. Taking into

. . . —h -
account the relations between the Riemannian tensors R;j and ng of the spaces A, and A,
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respectively as follows from (1), the Equations (2) for canonical almost geodesic mappings
of the first type of spaces with affine connections were written in the form

h h h bl h
3(Pij + PraPij) = Riijye = Ry + 0ty @)

We give the following example. From the Equation (3) with a condition of preserving
Riemannian tensor and 4;; = 0, we obtain

h h
Py = =P Py
In a flat space, the above equation is completely integrable. Therefore it has a solution
with respect to Pi}]?(x) for any initial condition Pl.’}(xo). If Pij(xo) # (5’(1ilpj) (x0) then the
solution Pi’}(xo) generates an almost geodesic mapping A, — A, which is not geodesic.

Considering (3) as a system of Cauchy type in A, with respect to the functions Pl-};,
one has found the integrability conditions of the system in the form

—h n h h oh i
Riipyien = Riipypor  00am),0 — 0 x + 3(PiRart — Py Ri)

—h —h
— P (Rl — Risjyr + 0fian) + Py (Rl — R + 0 ),

where the square brackets | | denote an antisymmetrization (or, alternation) without division
with respect to the mentioned indices.

Let us express in the left-hand side the covariant derivatives with respect to the
connection of A, in terms of the covariant derivatives with respect to the connection of A,
Taking account of (1), we obtain

—h
Riijia) = Sy, — Oiany e + Ol 4)
where
h _ ph oh h ho(oh —h
O3t = Rz + 3 (PiRakt — P(iRiu) — Pax (R — Resjyn + 5a51))
ho(ph =h —=h —h —h —5
+Pa1 (R = Roigye + 8ty ) = PrliRatje = PiiiRjyak + PrRiatj + PRjyar

Here the symbol |«| means that in applying symmetrization the index « is omitted.
Using the Ricci identity, let us write the conditions (4) in the form

—h | —=h
Ritkj + Riii = 80,1 — 6(saj1) e + Ol ®)

Contracting (5) for h and k, we get the relations for covariant derivatives of the Ricci
tensor R;; for the space A,
Rij + Rjpi = (n+ D)agiy — aygi ) + 05 (6)
A space A, with an affine connection is called generalized Ricci-symmetric if the Ricci
tensor R;; for the space satisfies the condition

Rij;k + ij,-i =0.

The concept of generalized Ricci-symmetric spaces was first introduced in [28,34]. The
papers are devoted to the study of canonical almost geodesic mappings of spaces with
affine connections onto the above mentioned spaces. It is proved that the main equations
for the mappings can be obtained as a closed system of Cauchy-type differential equations
in covariant derivatives.
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A space A, with an affine connection is called 2-Ricci-symmetric if the Ricci tensor F,'j
for the space satisfies the condition

Rijkm = 0.

A space A, with an affine connection is called generalized 2-Ricci-symmetric if its Ricci
tensor R;; satisfies the condition

Rijkm + Rijsim = 0. (7)
4. Canonical Almost Geodesic Mappings of type 77| of Spaces with Affine Connections

onto Generalized 2-Ricci-Symmetric Spaces

The Equation (6) was obtained for a canonical almost geodesic mapping of type 71 of
a space with an affine connection A, onto another space with an affine connection A,.

First we differentiate covariantly the Equation (6) with respect to the connection of
the space A;. Then taking account of (1), let us applicate the formulas

(Ritj) ¢ = Rirjk + RatyjPi + Riaj P + Rira P,

- T (8
Rijk = Rijk — RiaPj. — Ryj Py
Finally, we get
Ritjk + Riik = (n+ V)agj i — agi jx — agj,ix + Cijig 9)
where B - - - -
Cijtk = =054t — (Rat,j + Ry — 2R§lej - R,Xﬁpfj. ~RigPl )P
— (ﬁizx,j + R]’lx,i — Zﬁﬁapl‘l; — Eiﬁpfj — ﬁ]‘lgpfl-)Pﬁ( (10)

Ry oy~ R, <o, ~ )P

Moreover, let us consider canonical almost geodesic mappings of type 71 of spaces
Ay, with affine connections onto generalized 2-Ricci-symmetric spaces A;. Hence the Ricci
tensor R;; for the space A, satisfies the conditions. Then the Equation (9) may be written in
the form

(n+ 1)ag; ik — ag; j — arjik = —Cijik,s (11)

when Cjjji is defined by the formulas (10).
Let us interchange the indices  and j in (11) and symmetrize in the indices i and j.
Then we have

1 2
i jie + ayjie = = Cilr)jyx + - @i (12)

The Equation (11) by means of (12) can be written in the form

n?+n—2 1
— ik = —Cijie = — Clapee (13)

In the following we have assumed that a space A, with an affine connection is
given. Then taking account of the structure of the tensor C;j;; which was determined by
formula (10), we see that the left hand side of the Equation (13) depends on the unknown
functions PJi(x), a;j(x), ai;(x), Rije(x), Rije ().

Differentiate covariantly the conditions of integrability (4) with respect to the connec-
tion of the space A,. Then express in the right-hand side the covariant derivatives with
respect to the connection of A, in terms of the covariant derivatives with respect to the
connection of the space A,. When we make use of the Ricci identity, we obtain

ol ol h h h
Rijyisim = Riytme = 0(:%k),1m = 0(:%1) ko + Tijtms (14)
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where

h =h =« —u  =h =u =h =u  =h L
Tiikim = RamkR(ijyr = RimieRijya — RjmkR(iay1 = Rigk R (jayt = Pina 05111

h h h h
— Py 080k — PriS(ain), 1 — Prid(aigy 1 — Prad(i6iio o — POt 4
h h h
—Q—Pmi&(aaﬂ) rt P -(5(1-61“1) kT P"‘ké(.a- Ha — Pf,‘zlé(.a- ).k
91]kl m T Pamez]kl mzeoc]kl ]emkl kel]ﬂ(l mlez]ktx‘

Alternating the equations (14) with respect to the indicies I and m, we obtain

—h —h
Riijymak = Riijyimk = Syt — 068ty o + T + R(l\aklR ymi + R(z])akal a3

— R Ramt + Ra(if Riymt + 5?aajk)R?lm + 5?a”ik) RS, + 5(i”ja)Rk1m — 03ajx) R}

Taking account of the properties of a curvature tensor R ijks We may write the condi-
tions (15) in the form

Pl Pl h h h
Rimpjke + Rjmpsik = 0(:41) Jom — O(i%m) k1 — Nijkims (16)
where ,
h - K
Nijklm = T;]k[lm] + RzmlR(a])k + R]mlR(az)k + kalR(l]) RtxmlR(ij)k

h
+5(zx ]k)Rzlm + 5( zk) ]lm + 5(1x ji) klm - a(ink)lm
Alternating the equations (16) with respect to the indicies j and k, we get
R R sha —sha. — a4 .
jml;ik kml;ij — (ia]l),km (ia]m),kl (iakl),]m (iakm),]l (17)
—h —a | =h = —h —=a  =a —=h
Nﬁjk]zm + Rui Rii + Riat Rt + RiaRlkj — RipiRok-
Let us interchange 7 and k in (16) and subtract it from (17). Then we have
ol h h h h h
2R jmpsik = O(ij1) Jom — 5](1iajm),kl + Ok jm) it + 51(1iakm),jl = 88k jm = O(kj1) im + jrmr (18)

where

h h =h —a —=h —u =h = —=a =h —=a —h
iikim = Nigjitm — Nl[,k] im T RamiRikj + Rigi Rykj + Ripa Ry — Rigi Rykj — R Raji
Sh S« = =h = S —=h =h S —h =h =
+Ru¢mleji + szlemji + kaszlji - ijlRocik + Ramleik + RjleRmik + ijszlik'

Let us express in the left-hand side of the Equation (18) the covariant derivatives with
respect to the connection of A, in terms of the covariant derivatives with respect to the
connection of A,. We have

—h
2R ik = 5?iﬂjl),km - 5?iﬂjm),kl + ‘S?k“jm),il + 5?iakm),jl - 5?j”kl),jm - ‘S?kajl),im + S?jklm' (19)
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where
h h Pl Pl
Sijklm = Qijklm - [R]ml zP szmlz jk R]alz mk R]ma zPlk R]ml o 1k
bl B B
+ (R]mlpl3 Rtxmlpa RJMP;" R]moc ll)Pﬁk
o —=h
- (ijl ap amlpﬁ] Rjalpgm R]mapﬁl)Pﬁ
- (Fﬁml ai szmlpﬁz R/Stxl Rﬁma )P‘B
= —h
- (R?/Slphi — RopiPji — Rjuclpﬁz R]m )Pﬁ
—=h —h
— (R} Pl = RupPs — Rigp Pk — ijpﬁi)P,ﬁ}.
We introduce the tensors a;j; and R?jkm defined by
Aijf = Aijk, (20)
—=h —=h
Rijkm = Rijkm- (21)

Taking account of (21), we may write the Equation (19) in the form

—n
MWM:%%WWJ%MM+%%WHJ%MW_%WWWJWMW+%M'Qm

In the following we have assumed that in the left-hand side of the Equation (22) the
second order covariant derivatives of the tensor 4;; are expressed according to (13). Taking
account of (20), the Equation (13) may be put in the form

n4n—2 1

aijie = —Cijie — — Cijtfj)e- (23)

n

We have assumed that in the right-hand sides of the Equations (22) and (23) the

covariant derivatives of tensors a;; and K?jk with respect to the connection of the space A,
are expressed according to (20) and (21).
Obviously, in the space A, the Equations (3) and (20)—(23) form a closed system of

PDEs of Cauchy type with respect to the functions Pi}; (x), a;j(x), Egk(x), ik (x), ﬁgkm(x).
The functions must satisfy the algebraic conditions
Pi(x) = Pi(x),  a;(x) = aji(x),
oh Th Th oh
Rifjiy (%) = Ry (¥) = 0, R, (%) = Ry (x) = 0.

Hence we have proved the following theorem.

(24)

Theorem 1. In order that a space A, with an affine connection admits a canonical almost geodesic
mapping of type 11 onto a generalized 2-Ricci-symmetric space Ay, it is necessary and sufficient
that the mixed system of differential equations of Cauchy type in covariant derivatives (3) and
(20)—(24) have a solution with respect to the unknown functions Pf]’-(x), a;i(x), aij(x), Rg.k(x)
and Rka( x).

Also we have obtained the corollary.

Corollary 1. The family of all generalized 2-Ricci-symmetric spaces, which are images of a given
space A, with an affine connection with respect to canonical almost geodesic mappings of type 1,
depends on no more then

1 1
z n(2n—1)(n*> —1) + 3 n(1+n)?
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essential parameters.
5. Canonical Almost Geodesic Mappings of Type 71, of Spaces with Affine Connections
onto Generalized 3-Ricci-Symmetric Spaces

A space A, with an affine connection is called generalized 3-Ricci-symmetric if the Ricci
tensor R;; for the space satisfies the condition

Rijkmt + Rijsimi = 0. (25)
Taking account of (1) and (8), we obtain
Rijxi = Gy and (Rigjx) ,,, = Rijiem + GatjuPiyy + Giajk Py + Gitak Py + Gitja Py (26)
where
Gijki = Rijj1 — Ria i Pj — RiaPji; — RajiPi — RajPi; — (Ruj — RgiPh — RygP ][;5() i
— (Rink — RpaPly — RigPh) P — (Rije — RpiPl — RigPh) PPy

Let us differentiate covariantly the Equation (9) with respect to the connection of the
space A;. Then taking account of (8) and (26), we get

E’l;jkm + Ejz;z‘km = (n+ 1)ﬂij,lkm = i jkm — Aljikm
+ Cijitm = Gaa(jik Piyn = G(ilaljkPim = Giltak Py — Giltljabiom-  (27)

Let us consider canonical almost geodesic mappings of type 711 of spaces with affine
connections A, onto generalized 3-Ricci-symmetric spaces A,. Hence the Ricci tensor R;;
for the space A, satisfies the conditions (25). Then the Equation (27) could be written in
such form as

(n + 1)aj ikm — a1j,ikm — i jkm = — Cijikm. (28)

where
Cijikm = Cijtim — Gaa(j1e) Py = GijaljyePim = Gatta) Py — Gty Pim- (29)

Let us interchange the indices [ and j in (28) and symmetrize in the indices i and ;.
Then we have

2
i jlom + Ao = = - Cil1|ykm + - Qi e (30)
Because of (30) the Equation (28) may be written in the form

n2+n—2

1
 ijtkm = —Cijtin — — C (il kom- 31)

The Equation (19) we obtain from the integrability conditions of (4), is to hold for
canonical almost geodesic mappings of type 71 of spaces with affine connections onto
generalized 3-Ricci-symmetric spaces.

In the following we have assumed that a space A, with an affine connection is
given. Then taking account of the structure of the tensor Cjjj,, which was determined by
formulas (4), (18) and (29), we see that the left hand side of Equation (31) depends on the
unknown functions Pi’}(x), aij(x), ajj(x), ajj (%), K}«;k(x), ﬁg«k,m(x).

Let us introduce the tensor a;jx,, defined by

Aijk,m = Aijkm- (32)
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Because of (32) we can write the Equation (31) in the form

n?4+n-—2 1
—, ijtkm = ~Cijtkm = Cifn)jkom- (33)

Obviously, in the space A, the Equations (3), (20)—(22), (32) and (33) form a closed
system of PDEs of Cauchy type with respect to the functions Plf]’- (x), ajj(x), F?jk(x), Fg'km (x),
ik (x), ajjkm (x). Also the functions must satisfy the algebraic conditions (24).

Hence we have proved the following theorem.

Theorem 2. In order that a space A, with an affine connection admits a canonical almost geodesic
mapping of type 1ty onto a generalized 3-Ricci-symmetric space Ay, it is necessary and sufficient
that the mixed system of differential equations of Cauchy type in covariant derivatives (3), (20)—(22),

(24), (32) and (33) have a solution with respect to the unknown functions Pf]? (x), a;i(x), ﬁgk(x),

Rijm (), ajj(x) and agjg, (x).

Corollary 2. The family of all generalized 3-Ricci-symmetric spaces, which are images of a given
space A, with an affine connection with respect to canonical almost geodesic mappings of type 1,
depends on no more then

L n(2n = 1)(w = 1) + 01+ m) (2 + 0 +1)

essential parameters.

6. Canonical Almost Geodesic Mappings of Type 711 of Spaces with Affine Connections
onto Generalized m-Ricci-Symmetric Spaces

A space A, with an affine connection is called generalized m-Ricci-symmetric if the Ricci
tensor R;; for the space satisfies the condition

Rijp1p2-pm T Rorjiipy-.om = O- (34)

It is obvious that generalized 2-Ricci-symmetric spaces and generalized 3-Ricci-
symmetric spaces are special cases of generalized m-Ricci-symmetric spaces with m = 2
and m = 3 respectively.

If we put m = 1 in (34) we have a generalized Ricci-symmetric space. Let us dif-
ferentiate covariantly (m — 3) times the Equation (27) with respect to the connection of
the space A;;. Then express in the left-hand side the covariant derivatives with respect to
the connection of the space A, in terms of the covariant derivatives with respect to the
connection of the space A, using the formula [24]

R.. —R.. [
(Rl];pl"'prszfl),pT - Rl];p1~~~p1—2prflp‘r + PipTR‘X]?Pl'"prZPT—l—i_
w T, ® .. .. o R..
Pip Rijpr..pezpes + Bpip Rijiprapey 00+ Bo oo Rijior e

Transforming the left-hand side of (34), we obtain
Rijiorp5...pm + Rovjiipneom = (14 V)ipy oy o0 = Gjprip.ccpm — Hij.prpzom T Lijorps.pmr  (35)

where the tensor Q;jp,p,..,,

depends on the unknown tensors Pi}]’-, ﬁ?jk, f?jk,m, ij, iy -
Aijsp1prm 1

Let us consider canonical almost geodesic mappings of type 711 of spaces with affine
connections A, onto generalized m-Ricci-symmetric spaces A,. Hence the Ricci tensor
E-]- for the space A, satisfies conditions (34). Then Equation (35) could be written in such
form as

=-0 (36)

(14 1) iy jps...om — Yjpipapm — Bij,p102...0m ij0102--0m”
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Let us interchange the indices j and p; in (36) and symmetrize in the indices i and p;.
Then we have 1

Bij 13- T Ajpripaepm = =5 Qfipy)jps..om T 71 Yo joz-om (37)

Taking account of (37), Equation (36) may be written in the form

2

n“4+n-—2 1

5 ey joapm = ~ijpipy..pm — n Qipy)jor--om* (38)
Let us introduce the tensors a;jxup, - - - ijkmpy...om—apm-3 defined by
Aijkm,pq = Aijkmpy s )
.......... 39
Aijkmpy...om—apm—3 = Vijkmoy...pp—apm-3°

Because of (39) we can write Equation (38) in the form
n?4+n—2 _ 0 1 o) 40
T ievjea-pm-rom = T Hjproa-om T 3 2 Hip1)jo2-om® (40)

Obviously, the right-hand side of Equation (40) depends on the unknown tensors Pg,
—=h Hh
Rijks Rijkms @ijs Qijoys - - s Aijpy.pp_y -

Hence, in the space A, Equations (3), (20)-(22), (32), (39) and (40) form a closed
system of PDEs of Cauchy type with respect to the functions Pi’} (x), F?jk(x), K?jkm (x), a;;(x),
@ijo, (%), - - Aijp, ..o, (X). Also the functions must satisfy the algebraic conditions (24).

This proves the following theorem.

Theorem 3. In order that a space A, with an affine connection admits a canonical almost geodesic
mapping of type 7t1 onto a generalized m-Ricci-symmetric space Ay, it is necessary and sufficient
that the mixed system of differential equations of Cauchy type in covariant derivatives (3), (20)—(22),

(24), (32), (39) and (40) have a solution with respect to the unknown functions Pl-’}(x), ng(x),
—=h
Rijkm(x)/ aij(x)/ Aijp, (x)/ o Aijor o1 (x)

Corollary 3. The family of all generalized m-Ricci-symmetric spaces, which are images of a given
space A, with an affine connection with respect to canonical almost geodesic mappings of type y,
depends on no more then

1

mn(l—i—n)(m’”—i—nz—n—l)

1
A n(2n—1)(n*> —1) +

essential parameters.

7. Conclusions

In this paper, we study canonical almost geodesic mappings of the first type of spaces
with an affine connection onto generalized m-Ricci-symmetric spaces. These spaces are
the essential generalization of the spaces considered in [24]. Ricci tensor is well known
from the Einstein equation that describes gravitational fields. The added condition of
generalized symmetric spaces is connected with the study of gravitation waves, which
makes the topic of the study relevant.
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