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INTRODUCTION

During the last 50 years, many new and interesting results have appeared in the
theory of conformal, geodesic, holomorphically projective, F-planar and others
mappings and transformations of manifolds with affine connection, Rieman-
nian, Kahler and Riemann-Finsler manifolds. The authors dedicate the present
monograph to the exposition of this topic.

Problems connected with this field were considered in many monographs,
surveys (pp. 513-518) and dissertation theses (pp. 519-520).

In the theory of geodesic, conformal and holomorphically projective map-
pings and some generalizations, three main directions have been specified:

e the investigation of general laws and rules;
e the integration of basic equations, and
e the investigations for special spaces.

Recently, new results that were not reflected in the papers mentioned above
have been obtained. On the one hand, some results of a general character, on the
other hand, results concerning mappings of special manifolds with affine connec-
tion and Riemannian spaces, including spaces of constant curvature, Kahlerian,
Einsteinian spaces, conformally flat spaces, etc.

Many works have been dedicated to the problem of non-existence of con-
formal, geodesic and holomorphically projective mappings and transformations,
and concircular vector fields in spaces of a special kind. Such problems are often
closely related. However, much attention has not been paid to their investiga-
tion yet. New results on the integration of basic geodesic mappings equations
are considered in the review [9,11] and in the monograph [10] by A.V. Aminova.

We give the basic concepts of the theory of manifolds with affine connec-
tion, Riemannian, Kéhlerian and Riemann-Finsler manifolds, using the notation
from [50,51,118,119,121,122,139, 156,170, 173,200].

Unless otherwise stated, the investigations are carried out in tensor form,
locally, in the class of sufficiently smooth real functions. The dimension n of
the spaces under consideration is supposed to be higher than two, as a rule.
This fact is not explicitly stipulated in the text. All the spaces are assumed to
be connected. Under Riemannian manifolds we mean both positive as well as
pseudo-Riemannian manifolds.

The book was edited by J. Mikes, E. Stepanova, A. Vanzurovd. The book
consists of 15 chapters. The first four chapters of the book are of introductory
character, and include also some historical remarks.

17
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Chapter 1 treats the basic concepts of topological spaces (Vanzurovd, Mikes).

Chapter 2 treats the theory of manifolds with affine connection. Particularly,
the problem of semi-geodesic coordinates (Mikes, Hinterleitner, Vanzurovd).

Chapter 3 is devoted to Riemannian and Kéhler manifolds. Particularly, recon-
struction of a metric (Mikes, Vanzurovd), equidistant spaces (Mikes, Chep-
urna, Chodorovd, Hinterleitner), variational problems in Riemannian spaces
(Mikes, Hinterleitner, Smetanovd, Stepanova, Vanzurovd), SO(3)-structure
as a model of statistical manifolds (Mikes, Stepanova), decomposition of
tensors (Mikes, Jukl, Juklova).

Chapter 4 is devoted to the theory of differentiable mappings and transformations
of manifolds. Among others we mention the problem of metrization of affine
connection (Vanzurova), harmonic diffeomorphisms (Stepanov, Shandra).

Chapter 5 treats conformal mappings and transformations. Especially conformal
mappings onto Einstein spaces (Mikes, Gavrilchenko), conformal transforma-
tions of Riemannian manifolds (Mikes, Moldobayev).

Chapter 6 is devoted to geodesic mappings (GM). We stress geodesic equiva-
lence of a manifold with affine connection to an equiaffine manifold (Mikes,
Hinterleitner).

Chapter 7. We examine GM onto Riemannian manifolds (Mikes, Berezovski,
Hinterleitner).

Chapter 8 treats GM between Riemannian manifolds. Among others GM of
equidistant spaces, GM of V,,(B) spaces (Mikes, Hinterleitner), and its field
of symmetric linear endomorphisms (Mikes, Stepanova, Tsyganok).

Chapter 9 is devoted to GM of special spaces, particularly Einstein, Kéhler,
pseudo-symmetric manifolds and their generalizations (Mikes, Hinterleitner,
Shiha, Sobchuk).

Chapter 10 treats global geodesic mappings and deformations, GM between Rie-
mannian manifolds of different dimensions (Stepanov), global GM (Mikes,
Chud4, Hinterleitner). Geodesic deformations of hypersurfaces in Rieman-
nian spaces (Mikes, Gavrilchenko, Hinterleitner).

Chapter 11. We give some applications of GM to general relativity, namely
we present three invariant classes of the Einstein equations and geodesic
mappings (Stepanov, Jukl, Mikes).

Chapter 12 treats F-planar mappings of spaces with affine connection (Mikes,
Chud4, Hinterleitner, Peska).

Chapter 13. We examine holomorphically projective mappings (HPM) of Kéhler
manifolds. Among others fundamental equations of HPM, HPM of special
Kéhler manifolds(Mikes, Chudd, Haddad, Hinterleitner), HPM of parabolic
Kéhler manifolds (Mikes, Chudd, Peska, Shiha).

Chapter 14 deals with almost geodesic mappings, which generalize geodesic map-
pings (Berezovski, Mikes, Vanzurova).

Chapter 15 is devoted to Riemann-Finsler spaces and their geodesic mappings

(Bécso), geodesic mappings of Berwald spaces onto Riemannian spaces
(Bécso, Berezovski, Mikes).
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We would like to stress that we use here the classical definition of geodesics,
i.e. with a general parameter, which is widely used in applications in theoretical
physics. Further note that the definition of the Ricci tensor was splitted, since
1950’ its sign is used with an opposite sign, see [170]. We go back to the original
notation, L.P. Eisenhart [50].

Some parts of the text are based on several graduate courses on topol-
ogy, differential geometry, tensor analysis, Riemannian geometry, geodesic
mappings, holomorphically mappings and Lie groups given by N.S. Sinyukov,
M.L. Gavrilchenko and J. Mikes at Odessa State University and topology by
A. Vanzurova at Palacky University in Olomouc.

The authors believe that the text might evoke interest and might be helpful
for post-graduate students in mathematics, geometry or physics as well as for
research-work specialists in these fields.

We wish to express our deep appreciation to our referees, Professors
M. Doupovec, M. Kures.

We are also grateful to M. Zavodny, L. Rachunek and V. Heinz for preparing
the figures and the final camera-ready copy of the text.

We appologize to our readers for all pertinent mistakes.

This work was supported by the project POST-UP CZ 1.07/2.3.00/30.0004.

May 2015
Josef Mikes

Palacky University

Olomouc
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SUBJECT INDEX

M — manifold, 69
M,, — n-dimensional manifold, 69
8! — Kronecker symbol, 84

1
A,, — manifold with affine connection, 82
V - affine connection, 82
F?j — components of V, 82
R — curvature (Riemannian) tensor, 84
Rl — components of R, 84
Ric — Ricci tensor, 85
R;; — components of Ric, 85

Vi —(pseudo-) Riemannian manifold, 108

F,, —Rieman-Finsler manifold, 481

K,, — Kéahler manifold, 108

&, — Einstein space, 115

g — metric tensor of V,,, 287

gij — components of g, 108

g% — components of inverse

of the matrix g;;, 110

ds? — metric form of V,, 113
I';j& — Christoffel symbol of I type, 238
Ff‘j — Christoffel symbol of II type, 238

Ry~ components of Riemannian tensor, 110

R —scalar curvature, 57 , 111

C — Weyl tensor of conformal curvature, 110

W— Weyl tensor of projective, 266

Y — Yano tensor of concircular curvature, 327

Cihj,C — components of tensor C', 240

W[;  — components of tensor W, 266
Yi?k — components of tensor Y, 248
Z},, — components of tensor Z, 304
Zihjk — components of tensor Z, 432

, 7 — covariant derivative on A,,, 83
Lx — Lie derivative, 187

(ij) — differential operator, 328

{(ij)) — differential operator, 438

Special manifolds:

space of constant curvature, 114

space of constant holomorphic
curvature, 137

A-spaces, 132

L,-space, 339

L7 -space, 339

V(K), 303

V. (B), 303

K, [B], 432

S}: symmetric, 286

K}: recurrent, 87

RicS}: Ricci symmetric, 87
RicK}: Ricci recurrent, 87

T Ps,(0): T-semisymmetric, 329
TPs}(0): principal T Ps,(0), 330
Ps,(0): semisymmetric, 329
RicPs,(0): Ricci semisymmetric, 329

T Ps,,(B): T-pseudosymmetric, 329
TPs}(B): principal T Ps,(B), 330
Ps,(B): pseudosymmetric, 329
RicPs,(B): Ricci pseudosymmetric, 329

T Ps,,|B]: T-k-symmetric K,,, 438
TPs}[B]: principal T Ps,[B], 438
Ps,[B]: k-symmetric K,,, 438
RicPs,[B]: Ricci ksymmetric K,,, 438

F-planar curve, 385; mapping, 386;
transformation, 408; infinitesimal, 405

F1-, F5- and Fs-planar mapping, 398

F§-planar mapping, 412

F-traceless decomposition, 171
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C"-mapping, 70

K-concircular vector field, 435
K-torse-forming vector, 435
L,,-space, 339

Q-traceless, 176
I’-transformation, 298
n-dimensional Euclidean space, 26
n-manifold, 65

n-sphere, standard, 37

accumulation point, 28,33
affine coordinates, 92
alternation of a tensor, 78
analytically planar curve, 418
antisymmetrization of a tensor, 78
atlas, complete, 69

of the class C°, 66

real analytic, 69

ball, open, 22

base of topology, 31
Bianchi identity, 84
boundary of a set, 29
bundle tangent, 72

canonical parameter, 418
Cartesian coordinate system, 108
chart, 66
charts C"-related, 66
Christoffel symbols, 110
circle, standard, 37
class

conformal, 238

geodesic, 263

holomorphically projective, 420

homotopy, 57
closure of a subset, 28
compact

locally, 49

topological space, 47
compactification, Hausdorff, 48
complete

A, V, (geodesic), 89

of connectedness, 42
of the point, 40
vector field, 75

SUBJECT INDEX

components, 74

of a tensor, 77

of a vector field, 74

of affine connection, 82
concircular

curvature tensor, 248, 327

mapping, 247
conformal

class, 238

motion, 250

transformation, 236, 250
congruence

normal equidistant, 288
connected

topological space, 41

topological subspace, 41
connection

affine, 82

Levi-Civita, 110

natural, 110

projective, 282, 283

symmetric, 83

torsion-free, 83
conservation laws, 381
continuous

function, 23

map, 23, 34
contraction, 78, 80
coordinate

expression of a mapping, 70

functions, 66

system Cartesian, 108

transformation, 70
coordinates

affine, 92

Fermi, 92

geodesic, 118

normal, 117

pre-geodesic, 94

Riemann, 92
covariant derivative

along the curve

of tensor field, 86
of vector field, 86

covector, 76
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cover
of a set, 30
open, 30
curvature, 84
holomorphic, 137
scalar, 318
sectional, 114
curve
analytically planar, 418
F-planar, 385
geodesic, 123
integral, 74
regular, 74
segment, 73
cycling of a tensor, 78
cycloid, 90

degree
of conformal motions, 250
of mobility, 196, 433
of mobility with respect
geodesic mappings, 257
HP mappings, 417
delta Kronecker, 84
dense, set, 28
derivative covariant, 83
diameter of a set, 22 3
diffeomorphism, 70
local, 73
harmonic, 229
Dirac equation, operator, 380
directing, 33
disc, 22
displacement (vector) field, 366
disconnected topological space, 41
dot product, 21
Douglas tensor, 482

Einstein space, 114, 151

equidistant, 151
Einstein-like manifold, 381

of Codazzi type, 382

of Killing type, 382

of Sinyukov type, 383
elliptic Kéhler manifold, 132, 208
energy-momentum tensors, 381
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equations

Dirac, 380

Domashev-Mikes-Kurbatova, 424

Euler-Lagrange, 123, 229

Gauss, 370

Levi-Civita, 275, 261

Mikes-Berezovski, 276, 280

Sinyukov, 297

Weingarten, 370
equations of mappings

affine, 189

concircular, 247

conformal, 235

F-planar, 386

geodesic, 130, 275, 261, 276, 280, 297

harmonic, 229

holomorphically projective, 419, 424, 446

homothetic, 198
isometric, 193
equations of transformations
affine, 186
conformal, 250
F-planar, 408
holomorphically-projective , 435
homothetic, 198
isometric, 193
projective, 272
equator, 350
equidistant
manifold; vector field, 140
equivalence classes of
conformal mappings, 237-238
geodesic mappings, 262
HP mappings, 420
Euclidean space, 21, 23, 26
Euler-Lagrange equations, 123, 229
exterior of a set, 29
extremal of the integral, 123

fibre, 39
field
displacement, 366
tensor, 79; vector, 74
first quadratic integral
of geodesic, 364
flat manifold, 85, 92, 108
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flow, local, 75 holomorphic curvature, 137
form linear, 77; metric, 108; Ricci, 111  holomorphically projective
formula Voss—Weyl, 111, 280 class, 420
frontier of a set, 29 mapping, 418
function, 81 motion, 434
continuous, 23 transformation, 434
differentiable, 69 homeomorphic spaces, 35
Lagrange, 122 homeomorphism map, 35
on a manifold, 70 homothetic
smooth, 69 mapping and transformation, 198
functions coordinate homotopy
of the chart, 66 from f to g, 56
relative to a subset, 57
generalized hyperbolic Kahler manifold, 132, 340
recurrent space, 293 hypersurface, 65
semisymmetric space, 290
Douglas space, 490 identity Bianchi, 84; Ricci, 85; Walker, 438
geodesic immersion, 71
class, 262 index
complete, 89 of a symmetric bilinear form, 108
first quadratic integral, 309, 364 of a tensor
mapping, 257 contravariant; covariant, 77
equations, 261, 275, 276, 294 infinitesimal
mobility degree, 277 deformation geodesic, 367
parametrized, 91 harmonic transformation, 230
canonical, 91 harmonic vector fields, 230
path, 91 integrability conditions, 101
pregeodesic, 91 integral stationary, 123
transformation, 236, 258 interior (point) of a set, 29
unparametrized, 91 interval in an ordered set, 27
geometry of paths, 202 invariant under
Glueing Lemma, 35 conformal maps, 239
gnomonic map (projection), 299 geodesic maps, 263, 266
group HP mappings, 420
first homotopy, 59, 60 invariant, topological, 36, 81
fundamental, 59 irreducible manifold, 192
local, one-parameter, 75 isometry, 24, 110; local, 110
topological, 53 isotropic vector, 109

group of harmonic transformations, 230
group Lie, local, one-parameter, 184 Kahler manifold, 132,340
elliptic, hyperbolic, parabolic, 132

harmonic, 229 Killing p-form, 375
infinitesimal vector field, 230 Killing vector, 250, 375
diffeomorphism, 229 affine, 192; conformal, 250
transformations, 230 holomorphically projective, 435

Hausdorff topological space, 47 homothetic, 198; projective, 272
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Killing-Yano equations, 375
Killing-Yano tensor, 375
Kronecker delta, 84

Landsberg tensor, 481
length of a vector, 109
Levi-Civita

connection, 110

equations, 261, 275

metrics, 300
limit point, 28, 52

of a net; of a sequence, 33
linear form, 77
locally finite system of subset, 49

loop, 58
constant based at the point, 58
inverse, 58

loops, homotopy equivalent, 58
Lorentzian space, 108

manifold

C"-differentiable, 70

T-pseudosymmetric, 330

K, [B], 431

V. (B), 303

FEinstein, 115, 320

equidistant, 140

Finsler, 480

flat, 85

Kahler, 132

irreducible, 192

product, 191

projectively flat, 269

Ricci flat, 85

Ricci-semisymmetric, 286

Riemannian, 108

Riemann-Finsler, 480

semisymmetric, 286, 287

T-pseudosymmetric, 329

T-semisymmetric, 329

topological
n-dimensional, 65

Weyl, 294

with affine connection, 82

with linear connection, 82

with projective connection, 264

551

manifolds diffeomorphic, 70
map
Cartesian, 317
closed, 36
continuous, 23, 34
in the point, 34
differentiable
of the class C", 69
differential, 72
homeomorphism, 35
homotopic zero, 58
identification, 40
multilinear, 77
open, 36
tangent, 72
topological, 35
mapping
affine, 182
concircular, 247
conformal, 235
connection-preserving, 257
Fi- , Fs- , Fs-planar, 398
geodesic, 257
trivial, 259, 261
holomorphically-projective
trivial, 419
homothetic, 198
of the class C", 70
maps homotopic, 56
matrix, Jacobian, 73
meridians, 350
metric, 21
discrete, 22
form, 108
product, 51
space, 21, 26
taxicab, 23
metric
compatible to a connection, 201
Levi-Civita, 300
Metrization Problem, 201
Mikes-Berezovski equations, 276
Mbobius strip (band), 64
mobility degree: see degree mobility
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motion, 196
conformal, 250; homothetic, 250
holomorphically projective, 434
projective, 272

neighbourhood, 25
of a point, 23; open, 34
base of a point, 31
net in a topological space, 33
norm, 21
normal
coordinates, 117
affine connection, 264
null vector, 109

object, geometric, 80
open
ball, 22; set, 24; subset, 22
coordinate
box, 25; parallelepiped, 25
operator
Dirac, 380

parabolic Kahler manifold, 340
parallel along curve
vector, tensor, 86
parallel transport, 86
parameter, canonical, 124
parameter projective (Thomas), 263
parametrization
local of a manifold, 66
partition of unity, 50
subordinate to an open cover, 50
path, 40
joining two points, 40
paths, 202
homotopy equivalent, 58
point
beginning, end, 40
boundary and frontier, 29
exterior and interior of a set, 29
poles, 350
potence set, 25
principal direction, 361
orthonormal basis, 361
T-pseudosymmetric space, 438
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problem variational, 205
generalized, 125

product

manifold, 70, 191

of homotopies, 57

of loops, 58

scalar, 109

tensor, 78

topological

finite, 38

projective, 482

connection, 264

motion, 272

recurrent spaces, 293

symmetric spaces, 293

transformation, 258, 272
projectively flat, 495
projectively related, 482, 495
pseudo-Euclidean space, 108
pseudometric, 21
pseudosymmetric manifold, 290
pseudo-Riemannian manifold, 107

quaternionic traceless, 176

recurrent along curve vector, 86
recurrent spaces, 293
reparametrization of a curve, 74
Ricci
flat manifold, 85
form, 111
identity, 85
k-pseudosymmetric space, 438
pseudosymmetric space, 290
semisymmetric space, 286, 438,
soliton, 232
tensor, 111
Riemannian
curvature tensor, 84, 110
manifold (space), 108
of the class C", 108

scalar product, 109

second fundamental form of, 229
semisymmetric manifold, 286
sequence, convergent, 33
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set
bounded in a metric space, 22
closed, 27; dense, co-dense, 28
countable, 32; derived, 28
directed, 33
nowhere dense, 28
open, 24, 25
potence, 25

sets

separated, 41
smooth atlas, 69
space

see manifold

m-recurrent, 338
m-symmetric, 338
base, 39
cartesian, 23
cotangent, 76
Einstein, 114, 151
equidistant, 287
Euclidean, 21, 23, 26, 108, 317
flat, 108, 317
Finsler, 479
Lorentzian, 108
metric, 21; complete, 52
Minkowski, 108
of constant curvature, 114
holomorphic curvature, 198
paracompact, 50
parameter, 56
path-connected, 40
pointed, 59
projectively flat, 319
pseudo-Euclidean, 108
quotient, 39
recurrent, 293
generally, 338; projective 297
Riemannian, 108
classical, property, 108
pseudo-
Riemann-Finsler, 479
simply connected, 61
symmetric, 114, 293
topological, 25
Tychonoff, 45

553
space-time, 375
spaces
holomorphically-projective equiv-

alent, 420
conformally equivalent, 238
geodesically equivalent, 262
homeomorphic, 35, 36
sphere

n-dimensional, 37
straight line, 89

Sorgenfrey, 31
structure

differentiable, 69

tensor, 132
subbase of topology, 31
subcover, 30

open, 30
submanifold, 70
subset open, 22

in metric topology, 26

subspace

path-connected, 40

relative, 37
surface, 62

(non-) orientable, 62, 63
symbols Christoffel, 82, 110
symmetric

space, 114, 293
symmetric Killing tensor, 382
symmetrization of a tensor, 78
system

basic, 370

completely integrable, 101

coordinate, 66

of PDE’s of Cauchy type, 100

parametrized, 56

T-pseudosymmetric V,,, 329
T-k-pseudosymmetric K,,, 329
T-semisymmetric V,,, 329
tangent bundle, 72
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tensor topology, 25

antisymmetric antidiscrete, 26

with respect to a pair of indices, 77  base, 31

Brinkmann, 239 bigger, 29

Cartan, 481 coarser, 29

contravariant, 77 discrete, 26

covariant, 77 final, 37

covariantly constant, 84 finer, 29

curvature%, 84 generated by a neighbourhood sys-

deformation, 182 tem, 24

Douglas, 482

Landsberg, 481

metric, 108

of concircular curvature, 248, 327
of conformal curvature, 240

of projective curvature, 266

of type (r,s), 77

Ricci, 111
Riemannian, 84, 110
symmetric
with respect to a pair of indices, 77
Weyl, 482

Weyl of conformal curvature, 239
tensor field: see tensor

contravariant, 79

covariant, 79

of the class C", 79
Thomas’ object

of projective connection, 263

generated by closed sets, 27
identification, 39
indiscrete, 26
inductively generated

by the system of maps, 37
initial, 37
interval, 27
of countable complements, 26
of finite complements, 26
product, 38
projectively generated

by the system of maps, 37
relative, 37
smaller, 29
Sorgenfrey, 31
subbase, 31
subspace, 37

topological torse-forming
Hausdorff space, 43 vector. 140
map, 35 7

. ISP30671425 transformation

opology, _
by, 16 F-planar, 408

torse-forming vector field, 76
topological space
antidiscrete, 26
discrete, 26
first countable, 32
indiscrete, 26
Lindelof, 32
metrizable, 30
second countable, 32

conformal, 236, 250

geodesic, 258

harmonic, 230

holomorphically projective, 434

law of a geometric object, 80

of coordinate system, 66

projective, 258, 272, 350
nontrivial, 350

separable, 32 translation

topological subgroup, 54

left, 54
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variation degree of mappings

first, 122 Ta 104

of A rgm 147,152,177, 180, 188

under an infinitesimal deforma- Thpm 248, 254, 256
tion, 367 T 224

of the integral, 122

second, 122 order (degree) of transformations
vector Taf 95, 97

covariant, 76, 77
displacement, 366
isotropic, 109
null, 109
parallel
along curve, 86
recurrent
along curve, 86
tangent, 71
of a curve, 73
torse-forming, 140
vector field
continuous, 74
differentiable of the class C", 74
vectors
tangent
orthogonal, 109
Voss—Weyl formula, 111

Walker identities, 438

warped-product, 383

Weyl manifold, 294

Weyl tensor
of conformal curvature, 239, 240, 266
of projective curvature, 266, 382

Yano operator, 233
Yano tensor
of concircular curvature, 248, 327

Thom  102-104, 180, 256
Teon 120

ne 143,180, 181, 188
Thpt 255, 256

r 236, 237
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