


Diff erential Geometry of Special Mappings

Josef Mikeš
Elena Stepanova
Alena Vanžurová

et al.



Palacký University, Olomouc
Faculty of Science

Differential Geometry 
of Special Mappings

Josef Mikeš
Elena Stepanova
Alena Vanžurová

et al.

Olomouc 2015



Reviewed by:  prof. RNDr. Miroslav Doupovec, CSc.
 doc. RNDr. Miroslav Kureš, CSc.

Authors: Josef Mikeš
Elena S. Stepanova
Alena Vanžurová
Sándor Bácsó
Vladimir E. Berezovski
Olena Chepurna
Marie Chodorová
Hana Chudá
Michail L. Gavrilchenko
Michael Haddad
Irena Hinterleitner

Marek Jukl
Lenka Juklová
Dzhanybek Moldobaev
Patrik Peška
Mohsen Shiha
Igor G. Shandra
Dana Smetanová
Sergey E. Stepanov
Vasilij S. Sobchuk
Irina I. Tsyganok

Th is product is co-fi nanced by the European Social Fund and the state budget 
of the Czech Republic, project POST-UP, reg. number CZ.1.07/2.3.00/30.0004.

First Edition

© Josef Mikeš, Elena Stepanova, Alena Vanžurová et al., 2015
© Palacký University, Olomouc, 2015

ISBN 978-80-244-4671-4



prof. RNDr. Josef Mikeš, DrSc.
Elena Stepanova, Ph.D.
doc. RNDr. Alena Vanžurová, CSc.
et al.

Diff erential Geometry of Special Mappings

Executive Editor prof. RNDr. Zdeněk Dvořák, DrSc.
Responsible Editor Mgr. Jana Kopečková
Layout prof. RNDr. Josef Mikeš, DrSc.
Cover Design Vilém Heinz

Th e autors take response for contents and correctness of their texts.

Published and printed by Palacky University, Olomouc
Křížkovského 8, 771 47 Olomouc
www.vydavatelstvi.upol.cz
www.e-shop.cz
vup@upol.cz

First Edition

Olomouc 2015

Edition Series – Monographs

ISBN 978-80-244-4671-4

Not for sale



CONTENTS

INTRODUCTION 17

1 TOPOLOGICAL SPACES 21
1.1 From metric spaces to abstract topological spaces . . . 21
1.1.1 A couple of examples . . . . . . . . . . . . . . . . . . . . . . . 22
1.1.2 Euclidean space . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.1.3 Natural topology on metric space . . . . . . . . . . . . . . . . . 23
1.1.4 Isometry of metric spaces . . . . . . . . . . . . . . . . . . . . . 24
1.1.5 Abstract topological spaces, topology . . . . . . . . . . . . . . 25
1.1.6 Examples of topological spaces . . . . . . . . . . . . . . . . . . 25
1.2 Generating of topologies . . . . . . . . . . . . . . . . . . . . 27
1.2.1 Closed sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.2.2 Closure operator. Accumulation points . . . . . . . . . . . . . 28
1.2.3 Interior, exterior, boundary . . . . . . . . . . . . . . . . . . . . 28
1.2.4 The lattice of topologies. Ordering . . . . . . . . . . . . . . . . 29
1.2.5 Metrization problem . . . . . . . . . . . . . . . . . . . . . . . . 30
1.2.6 Cover, subcover . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
1.2.7 Bases. Countability Axioms . . . . . . . . . . . . . . . . . . . . 30
1.2.8 Sequences in topological spaces, nets . . . . . . . . . . . . . . . 33
1.3 Continuous maps . . . . . . . . . . . . . . . . . . . . . . . . 33
1.3.1 Continuous maps of topological spaces . . . . . . . . . . . . . . 34
1.3.2 Homeomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . 35
1.3.3 Topological invariants . . . . . . . . . . . . . . . . . . . . . . . 36
1.4 Constructions of new topological spaces from given spaces 36
1.4.1 Projectively and inductively generated topologies . . . . . . . . 36
1.4.2 Subspace and product . . . . . . . . . . . . . . . . . . . . . . . 37
1.4.3 Sum and quotient . . . . . . . . . . . . . . . . . . . . . . . . . 38
1.4.4 The quotient topology . . . . . . . . . . . . . . . . . . . . . . . 39
1.5 Connectedness . . . . . . . . . . . . . . . . . . . . . . . . . . 40
1.5.1 Path-connected spaces . . . . . . . . . . . . . . . . . . . . . . . 40
1.5.2 Connected topological spaces . . . . . . . . . . . . . . . . . . . 40
1.6 Separation properties . . . . . . . . . . . . . . . . . . . . . 42
1.6.1 The Hausdorff separation axiom . . . . . . . . . . . . . . . . . 43
1.6.2 Separation by continuous functions . . . . . . . . . . . . . . . . 44
1.6.3 Tychonoff spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 45
1.7 Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
1.7.1 Compact topological spaces . . . . . . . . . . . . . . . . . . . . 47
1.7.2 Compactification . . . . . . . . . . . . . . . . . . . . . . . . . . 48
1.7.3 Local compactness . . . . . . . . . . . . . . . . . . . . . . . . . 49
1.7.4 Partition of unity . . . . . . . . . . . . . . . . . . . . . . . . . . 49
1.7.5 Paracompactness . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5



6

1.8 Metrization of a topological space . . . . . . . . . . . . . 51
1.8.1 Metrization Theorems . . . . . . . . . . . . . . . . . . . . . . . 51
1.8.2 Some properties of metric and metrizable spaces . . . . . . . . 52
1.8.3 Complete metric spaces . . . . . . . . . . . . . . . . . . . . . . 52
1.9 Topological algebraic structures . . . . . . . . . . . . . . . 53
1.9.1 Topological groups . . . . . . . . . . . . . . . . . . . . . . . . . 53
1.9.2 Topological vector spaces . . . . . . . . . . . . . . . . . . . . . 55
1.10 Fundamental group . . . . . . . . . . . . . . . . . . . . . . 55
1.10.1 Homotopic maps . . . . . . . . . . . . . . . . . . . . . . . . . 56
1.10.2 Loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
1.10.3 Homotopy of paths and loops . . . . . . . . . . . . . . . . . . 58
1.10.4 Construction of the fundamental group . . . . . . . . . . . . . 59
1.11 Topological manifolds . . . . . . . . . . . . . . . . . . . . . 62
1.11.1 Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
1.11.2 Hypersurface . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
1.11.3 Topological manifold . . . . . . . . . . . . . . . . . . . . . . . 65
1.11.4 Charts, atlas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
1.11.5 The classification of compact connected 2-manifolds . . . . . . 66

2 MANIFOLDS WITH AFFINE CONNECTION 69
2.1 Differentiable manifolds . . . . . . . . . . . . . . . . . . . . 69
2.1.1 Differentiable structure (complete atlas) . . . . . . . . . . . . . 69
2.1.2 Smooth map, diffeomorphism . . . . . . . . . . . . . . . . . . . 70
2.1.3 Tangent vector, tangent space, tangent bundle . . . . . . . . . 71
2.1.4 Differential map . . . . . . . . . . . . . . . . . . . . . . . . . . 72
2.1.5 Curve, tangent vector of a curve . . . . . . . . . . . . . . . . . 73
2.1.6 Vector field, flow . . . . . . . . . . . . . . . . . . . . . . . . . . 74
2.1.7 Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
2.1.8 One-forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
2.2 Tensor fields and geometric objects . . . . . . . . . . . . . 77
2.2.1 Tensors on a vector space . . . . . . . . . . . . . . . . . . . . . 77
2.2.2 Tensors on manifolds . . . . . . . . . . . . . . . . . . . . . . . . 79
2.2.3 Geometric objects on manifolds . . . . . . . . . . . . . . . . . . 80
2.3 Manifolds with affine connection . . . . . . . . . . . . . . 82
2.3.1 Affine connections, manifolds with affine connection . . . . . . 82
2.3.2 Covariant differentiation . . . . . . . . . . . . . . . . . . . . . . 83
2.3.3 Curvature and Ricci tensor . . . . . . . . . . . . . . . . . . . . 84
2.3.4 Flat, Ricci flat and equiaffine manifolds . . . . . . . . . . . . . 85
2.3.5 Parallel transport of vectors and tensors . . . . . . . . . . . . . 86
2.3.6 Geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
2.3.7 Some remarks on definitions for geodesics . . . . . . . . . . . . 89
2.4 Special coordinate systems and reconstructions . . . . . 92
2.4.1 Affine coordinates and flat manifolds . . . . . . . . . . . . . . . 92
2.4.2 Geodesic coordinates in a point, Fermi and Riemann coordinates 92
2.4.3 Pre-semigeodesic coordinates . . . . . . . . . . . . . . . . . . . 94
2.4.4 Reconstuction of connection . . . . . . . . . . . . . . . . . . . . 97



7

2.5 On systems of partial differential equations of Cauchy type 100
2.5.1 Systems of PDEs of Cauchy type in R

n . . . . . . . . . . . . . 100
2.5.2 On mixed systems of PDEs of Cauchy type in R

n . . . . . . . 101
2.5.3 On a mixed linear system of PDEs of Cauchy type in R

n . . . 102
2.5.4 Mixed PDEs in tensor form . . . . . . . . . . . . . . . . . . . . 102
2.5.5 On systems of PDEs of Cauchy type in manifolds . . . . . . . . 102
2.5.6 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

3 RIEMANNIAN AND KÄHLER MANIFOLDS 107
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INTRODUCTION

During the last 50 years, many new and interesting results have appeared in the
theory of conformal, geodesic, holomorphically projective, F -planar and others
mappings and transformations of manifolds with affine connection, Rieman-
nian, Kähler and Riemann-Finsler manifolds. The authors dedicate the present
monograph to the exposition of this topic.

Problems connected with this field were considered in many monographs,
surveys (pp. 513–518) and dissertation theses (pp. 519–520).

In the theory of geodesic, conformal and holomorphically projective map-
pings and some generalizations, three main directions have been specified:

• the investigation of general laws and rules;

• the integration of basic equations, and

• the investigations for special spaces.

Recently, new results that were not reflected in the papers mentioned above
have been obtained. On the one hand, some results of a general character, on the
other hand, results concerning mappings of special manifolds with affine connec-
tion and Riemannian spaces, including spaces of constant curvature, Kählerian,
Einsteinian spaces, conformally flat spaces, etc.

Many works have been dedicated to the problem of non-existence of con-
formal, geodesic and holomorphically projective mappings and transformations,
and concircular vector fields in spaces of a special kind. Such problems are often
closely related. However, much attention has not been paid to their investiga-
tion yet. New results on the integration of basic geodesic mappings equations
are considered in the review [9,11] and in the monograph [10] by A.V. Aminova.

We give the basic concepts of the theory of manifolds with affine connec-
tion, Riemannian, Kählerian and Riemann-Finsler manifolds, using the notation
from [50,51,118,119,121,122,139,156,170,173,200].

Unless otherwise stated, the investigations are carried out in tensor form,
locally, in the class of sufficiently smooth real functions. The dimension n of
the spaces under consideration is supposed to be higher than two, as a rule.
This fact is not explicitly stipulated in the text. All the spaces are assumed to
be connected. Under Riemannian manifolds we mean both positive as well as
pseudo-Riemannian manifolds.

The book was edited by J. Mikeš, E. Stepanova, A. Vanžurová. The book
consists of 15 chapters. The first four chapters of the book are of introductory
character, and include also some historical remarks.

17
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Chapter 1 treats the basic concepts of topological spaces (Vanžurová, Mikeš).

Chapter 2 treats the theory of manifolds with affine connection. Particularly,
the problem of semi-geodesic coordinates (Mikeš, Hinterleitner, Vanžurová).

Chapter 3 is devoted to Riemannian and Kähler manifolds. Particularly, recon-
struction of a metric (Mikeš, Vanžurová), equidistant spaces (Mikeš, Chep-
urna, Chodorová, Hinterleitner), variational problems in Riemannian spaces
(Mikeš, Hinterleitner, Smetanová, Stepanova, Vanžurová), SO(3)-structure
as a model of statistical manifolds (Mikeš, Stepanova), decomposition of
tensors (Mikeš, Jukl, Juklová).

Chapter 4 is devoted to the theory of differentiable mappings and transformations
of manifolds. Among others we mention the problem of metrization of affine
connection (Vanžurová), harmonic diffeomorphisms (Stepanov, Shandra).

Chapter 5 treats conformal mappings and transformations. Especially conformal
mappings onto Einstein spaces (Mikeš, Gavrilchenko), conformal transforma-
tions of Riemannian manifolds (Mikeš, Moldobayev).

Chapter 6 is devoted to geodesic mappings (GM). We stress geodesic equiva-
lence of a manifold with affine connection to an equiaffine manifold (Mikeš,
Hinterleitner).

Chapter 7. We examine GM onto Riemannian manifolds (Mikeš, Berezovski,
Hinterleitner).

Chapter 8 treats GM between Riemannian manifolds. Among others GM of
equidistant spaces, GM of Vn(B) spaces (Mikeš, Hinterleitner), and its field
of symmetric linear endomorphisms (Mikeš, Stepanova, Tsyganok).

Chapter 9 is devoted to GM of special spaces, particularly Einstein, Kähler,
pseudo-symmetric manifolds and their generalizations (Mikeš, Hinterleitner,
Shiha, Sobchuk).

Chapter 10 treats global geodesic mappings and deformations, GM between Rie-
mannian manifolds of different dimensions (Stepanov), global GM (Mikeš,
Chudá, Hinterleitner). Geodesic deformations of hypersurfaces in Rieman-
nian spaces (Mikeš, Gavrilchenko, Hinterleitner).

Chapter 11. We give some applications of GM to general relativity, namely
we present three invariant classes of the Einstein equations and geodesic
mappings (Stepanov, Jukl, Mikeš).

Chapter 12 treats F -planar mappings of spaces with affine connection (Mikeš,
Chudá, Hinterleitner, Peška).

Chapter 13. We examine holomorphically projective mappings (HPM) of Kähler
manifolds. Among others fundamental equations of HPM, HPM of special
Kähler manifolds(Mikeš, Chudá, Haddad, Hinterleitner), HPM of parabolic
Kähler manifolds (Mikeš, Chudá, Peška, Shiha).

Chapter 14 deals with almost geodesic mappings, which generalize geodesic map-
pings (Berezovski, Mikeš, Vanžurová).

Chapter 15 is devoted to Riemann-Finsler spaces and their geodesic mappings
(Bácsó), geodesic mappings of Berwald spaces onto Riemannian spaces
(Bácsó, Berezovski, Mikeš).
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We would like to stress that we use here the classical definition of geodesics,
i.e. with a general parameter, which is widely used in applications in theoretical
physics. Further note that the definition of the Ricci tensor was splitted, since
1950’ its sign is used with an opposite sign, see [170]. We go back to the original
notation, L.P. Eisenhart [50].

Some parts of the text are based on several graduate courses on topol-
ogy, differential geometry, tensor analysis, Riemannian geometry, geodesic
mappings, holomorphically mappings and Lie groups given by N.S. Sinyukov,
M.L. Gavrilchenko and J. Mikeš at Odessa State University and topology by
A. Vanžurová at Palacky University in Olomouc.

The authors believe that the text might evoke interest and might be helpful
for post-graduate students in mathematics, geometry or physics as well as for
research-work specialists in these fields.

We wish to express our deep appreciation to our referees, Professors
M. Doupovec, M. Kureš.

We are also grateful to M. Závodný, L. Rach̊unek and V. Heinz for preparing
the figures and the final camera-ready copy of the text.

We appologize to our readers for all pertinent mistakes.

This work was supported by the project POST-UP CZ 1.07/2.3.00/30.0004.

May 2015
Josef Mikeš

Palacky University

Olomouc
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l’Académie des Sciences et Bell-Lettres de Berlin, 1779.
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[217] Hinterleitner I. Special mappings of equidistant spaces. Vědecké spisy VUT Brno. Edice
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[350] Chudá H., Peška P., Guseva N. On F ε
2 -planar mappings with function ε of (pseudo-)

Riemannian manifolds. Filomat (to appear).
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[438] Golab S. Über die Metrisierbarkeit der affin-zusammenhängenden Räume. Tensor 9,
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[477] Hinterleitner I., Mikeš J. On the equations of conformally-projective harmonic map-
pings. AIP Conf. Proc. 956, 141-148, 2007.

[478] Hinterleitner I., Mikeš J. On F -planar mappings of spaces with affine connections.
Note Mat. 27:1, 111-118, 2007.
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[488] Hinterleitner I., Mikeš J., Stepanova E. On Sinyukovs equations in their relation to a
curvature operator of second kind. in Algebra, Geometry and Math. Physics, Springer
Proc. 85, 489-494, 2014.
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[642] Mikeš J. Global geodesic mappings and their generalizations for compact Riemannian
spaces. Diff. geometry and its appl. Proc. of the 5th Int. Conf., Opava, Czechosl., 1992.
Opava: Open Education and Sci., Silesian Univ. Math. Publ. Opava. 1, 143-149, 1993.
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[693] Mikeš J., Starko G.A. Hyperbolically Sasakian and equidistant hyperbolically Kählerian
spaces. J. Sov. Math. 59:2, 756-760, 1992. ⊲ Ukr. Geom. Sb. 32, 92-98, 1989.

[694] Mikeš J., Stepanov S. On generalized semisymmetric Riemannian manifolds. AAPP,
Mat. e Nat. 91:2 Suppl. Art. number A1, 2013. DOI: 10.1478/AAPP.91S2A1
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[698] Mikeš J., Strambach K. Differentiable structure on elementary geometries. Result.
Math. 53:1-2, 153-172, 2009.
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Finslerschen Räume. (German) Math. Nachr. 16, 85-89, 1957.

[714] Munteanu G. Projective complex Finsler metrics. Period. Math. Hung. 48:1-2, 141-150,
2004.

[715] Muto Y. On some special Kahlerian spaces. Sci. Repts. Yokogama Nat. Univ. 1:8, 1-8,
1961.

[716] Najafi B., Bidabad B., Tayebi A. On R-quadratic Finsler metrics. Iran. J. Sci. Technol.,
Trans. A, Sci. 31:4, 439-443, 2007.

[717] Najafi B., Shen Z., Tayebi A. On a projective class of Finsler metrics. Publ. Math.
70:1-2, 211-219, 2007.

[718] Nash J. The imbedding problem for Riemannian manifolds. Ann. of Math 63, 20-63,
1956.

[719] Negi D.S., Kala V.N. The study of projective motion in a Kaehlerian recurrent space.
Acta Cienc. Indica, Math. 17:1, 149-154, 1991.

[720] Nomizu K., Pinkall U. On the geometry of projective immersions. J. Math. Soc. Japan
41:4, 607-623, 1989.

[721] Nore T. Second fundamental form of a map. Ann. Mat. Pura Appl., IV. Ser. 146,
281-310, 1987.

[722] Obata M. Riemannian manifolds admitting a solution of a certain system of differential
equations. Proc. United States–Japan Semin. Diff. Geom., Kyoto 1965, 101-114, 1966.
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spaces. Kazan, Učen. zap. Univ. 25:2, 256-280, 1925.

[807] Shirokov P.A. Projektive euklidian symmetric spaces. Tr. Sem. Vektor. Tenzor. Analizu
8, 73-81, 1950.

[808] Shulikovskij V.I. Invariant criterium of Liouvill surfaces. Dokl. AN SSSR 94:1, 29-32,
1954.

[809] Simonescu C. Varietati Rieman in corepondenta geodezica definite pe un suport
compact. Lucr. sti. Inst. politech. Brasov. Fac. mec. 5. 15-19, 1961.

[810] Sinyukov N.S. On geodesic mappings of Riemannian manifolds onto symmetric spaces.
Dokl. Akad. Nauk SSSR 98, 21-23, 1954.

[811] Sinyukov N.S. On geodesic mappings of Riemannian manifolds.

[812] Sinyukov N.S. Normal geodesic maps of Riemann spaces. Dokl. Akad. Nauk SSSR 111,
766-767 1956.

[813] Sinyukov N.S. On equidistant spaces. Vestn. Odessk. Univ., Odessa, 133-135, 1957.

[814] Sinyukov N.S. Normal geodesic mappings of Riemannian spaces. Dokl. Akad. Nauk
SSSR 111, 766-767, 1956.

[815] Sinyukov N.S. An invariant transformation of Riemannian spaces with common
geodesics. Sov. Math., Dokl. 2, 479-481, 1961. ⊲ Dokl. Akad. Nauk SSSR 137, 1312-
1314, 1961.

[816] Sinyukov N.S. Almost geodesic mappings of affinely connected and Riemannian spaces.
Sov. Math., Dokl. 4, 1086-1088, 1963. ⊲ Dokl. Akad. Nauk SSSR 151, 781-782, 1963.

[817] Sinyukov N.S. A contribution to the theory fo geodesic mapping of Riemannian spaces.
Sov. Math., Dokl. 7, 1004-1006, 1966. ⊲ Dokl. Akad. Nauk SSSR 169, 770-772, 1966.
Corr. 7:6, v-vi, 1966.

[818] Sinyukov N.S. Infinitely small almost geodesic transformations of affine connectivity
spaces and Riemannian spaces, 1. Ukr. Geom. Sb. 9, 86-95, 1970.

[819] Sinyukov N.S. Almost-geodesic mappings of affinely-connected spaces and e-structures.
Math. Notes 7, 272-278, 1970.

[820] Sinyukov N.S. Infinitesimal almost geodesic transformations of affinely connected and
Riemannian spaces. II. Ukr. Geometr. Sb. 11, 87-95, 1971.

[821] Sinyukov N.S. Lie-groups of projective transformations of equidistant spaces. In
abstract: IX All Union Conf. of Geom., Kishineu, 285-286, 1988.

95)Shiha M. = Shikha M., Sheha M.

541



[822] Sinyukov N.S. Principles of global theory of almost geodesic mappings of Riemannian
spaces. Dep. in VINITI, No. 562-91B, 1991.

[823] Sinyukov N.S., Gavrilchenko M.L. Infinitesimal geodesic deformations of surfaces.
Proc. Conf. Minsk, 1971.
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[847] Soos Gy. Über die geodätischen Abbildungen von Riemannschen Räumen auf projectiv
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[872] Stepanova E.S., Chodorová M. On the degree of geodesic mobility of Riemannian
manifolds. Miskolc Math. Notes, 14:2, 609-612, 2013.
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[880] Szabó Z.I., Zoltán I. All regular Landsberg metrics are Berwald. Ann. Global Anal.

Geom. 34:4, 381-386, 2008.
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M – manifold, 69
Mn – n-dimensional manifold, 69
δhi – Kronecker symbol, 84

An – manifold with affine connection, 82
∇ – affine connection, 82
Γhij – components of ∇, 82
R – curvature (Riemannian) tensor, 84
Rhijk – components of R, 84
Ric – Ricci tensor, 85
Rij – components of Ric, 85

Vn – (pseudo-) Riemannian manifold, 108
Fn –Rieman-Finsler manifold, 481
Kn – Kähler manifold, 108
En – Einstein space, 115
g – metric tensor of Vn, 287
gij – components of g, 108

gij – components of inverse
of the matrix gij , 110

ds2 – metric form of Vn, 113
Γijk – Christoffel symbol of I type, 238
Γhij – Christoffel symbol of II type, 238

Rhijk– components of Riemannian tensor, 110
R – scalar curvature, 57 , 111
C – Weyl tensor of conformal curvature, 110
W– Weyl tensor of projective, 266
Y – Yano tensor of concircular curvature, 327
Chijk – components of tensor C, 240

Wh
ijk – components of tensor W , 266

Y hijk – components of tensor Y , 248

Zhijk – components of tensor Z, 304

Zhijk – components of tensor Z, 432
“ , ” – covariant derivative on An, 83
LX – Lie derivative, 187
〈ij〉 – differential operator, 328
〈〈ij〉〉 – differential operator, 438

Special manifolds:
space of constant curvature, 114
space of constant holomorphic

curvature, 137
A-spaces, 132
Ln-space, 339
L∗
n-space, 339

V (K), 303
Vn(B), 303
Kn[B], 432

S1
n: symmetric, 286
K1
n: recurrent, 87

RicS1
n: Ricci symmetric, 87

RicK1
n: Ricci recurrent, 87

TPsn(0):T -semisymmetric, 329
TPs∗n(0): principal TPsn(0), 330
Psn(0): semisymmetric, 329
RicPsn(0): Ricci semisymmetric, 329

TPsn(B):T -pseudosymmetric, 329
TPs∗n(B): principal TPsn(B), 330
Psn(B): pseudosymmetric, 329
RicPsn(B): Ricci pseudosymmetric, 329

TPsn[B]:T -k-symmetric Kn, 438
TPs∗n[B]: principal TPsn[B], 438
Psn[B]: k-symmetric Kn, 438
RicPsn[B]: Ricci ksymmetric Kn, 438

F -planar curve, 385; mapping, 386;
transformation, 408; infinitesimal, 405

F1-, F2- and F3-planar mapping, 398
F ε2 -planar mapping, 412
F -traceless decomposition, 171
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Cr-mapping, 70
K-concircular vector field, 435
K-torse-forming vector, 435
Ln-space, 339
Q-traceless, 176
Γ-transformation, 298
n-dimensional Euclidean space, 26
n-manifold, 65
n-sphere, standard, 37

accumulation point, 28,33
affine coordinates, 92
alternation of a tensor, 78
analytically planar curve, 418
antisymmetrization of a tensor, 78
atlas, complete, 69

of the class C0, 66
real analytic, 69

ball, open, 22
base of topology, 31
Bianchi identity, 84
boundary of a set, 29
bundle tangent, 72

canonical parameter, 418
Cartesian coordinate system, 108
chart, 66
charts Cr-related, 66
Christoffel symbols, 110
circle, standard, 37
class

conformal, 238
geodesic, 263
holomorphically projective, 420
homotopy, 57

closure of a subset, 28
compact

locally, 49
topological space, 47

compactification, Hausdorff, 48
complete

An, Vn (geodesic), 89
of connectedness, 42
of the point, 40

vector field, 75

components, 74
of a tensor, 77
of a vector field, 74
of affine connection, 82

concircular
curvature tensor, 248, 327
mapping, 247

conformal
class, 238
motion, 250
transformation, 236, 250

congruence
normal equidistant, 288

connected
topological space, 41
topological subspace, 41

connection
affine, 82
Levi-Civita, 110
natural, 110
projective, 282, 283
symmetric, 83
torsion-free, 83

conservation laws, 381
continuous

function, 23
map, 23, 34

contraction, 78, 80
coordinate

expression of a mapping, 70
functions, 66
system Cartesian, 108
transformation, 70

coordinates
affine, 92
Fermi, 92
geodesic, 118
normal, 117
pre-geodesic, 94
Riemann, 92

covariant derivative
along the curve
of tensor field, 86
of vector field, 86

covector, 76



SUBJECT INDEX 549

cover
of a set, 30
open, 30

curvature, 84
holomorphic, 137
scalar, 318
sectional, 114

curve
analytically planar, 418
F -planar, 385
geodesic, 123
integral, 74
regular, 74
segment, 73

cycling of a tensor, 78
cycloid, 90

degree
of conformal motions, 250
of mobility, 196, 433
of mobility with respect
geodesic mappings, 257
HP mappings, 417

delta Kronecker, 84
dense, set, 28
derivative covariant, 83
diameter of a set, 22 3
diffeomorphism, 70

local, 73
harmonic, 229

Dirac equation, operator, 380
directing, 33
disc, 22
displacement (vector) field, 366
disconnected topological space, 41
dot product, 21
Douglas tensor, 482

Einstein space, 114, 151
equidistant, 151

Einstein-like manifold, 381
of Codazzi type, 382
of Killing type, 382
of Sinyukov type, 383

elliptic Kähler manifold, 132, 208
energy-momentum tensors, 381

equations
Dirac, 380
Domashev-Mikeš-Kurbatova, 424
Euler-Lagrange, 123, 229
Gauss, 370
Levi-Civita, 275, 261
Mikeš-Berezovski, 276, 280
Sinyukov, 297
Weingarten, 370

equations of mappings
affine, 189
concircular, 247
conformal, 235
F -planar, 386
geodesic, 130, 275, 261, 276, 280, 297
harmonic, 229
holomorphically projective, 419, 424, 446
homothetic, 198
isometric, 193

equations of transformations
affine, 186
conformal, 250
F -planar, 408
holomorphically-projective , 435
homothetic, 198
isometric, 193
projective, 272

equator, 350
equidistant

manifold; vector field, 140
equivalence classes of

conformal mappings, 237–238
geodesic mappings, 262
HP mappings, 420

Euclidean space, 21, 23, 26
Euler-Lagrange equations, 123, 229
exterior of a set, 29
extremal of the integral, 123

fibre, 39
field

displacement, 366
tensor, 79; vector, 74

first quadratic integral
of geodesic, 364

flat manifold, 85, 92, 108
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flow, local, 75
form linear, 77; metric, 108; Ricci, 111
formula Voss–Weyl, 111, 280
frontier of a set, 29
function, 81

continuous, 23
differentiable, 69
Lagrange, 122
on a manifold, 70
smooth, 69

functions coordinate
of the chart, 66

generalized
recurrent space, 293
semisymmetric space, 290
Douglas space, 490

geodesic
class, 262
complete, 89
first quadratic integral, 309, 364
mapping, 257
equations, 261, 275, 276, 294
mobility degree, 277

parametrized, 91
canonical, 91

path, 91
pregeodesic, 91
transformation, 236, 258
unparametrized, 91

geometry of paths, 202
Glueing Lemma, 35
gnomonic map (projection), 299
group

first homotopy, 59, 60
fundamental, 59
local, one-parameter, 75
topological, 53

group of harmonic transformations, 230
group Lie, local, one-parameter, 184

harmonic, 229
infinitesimal vector field, 230
diffeomorphism, 229
transformations, 230

Hausdorff topological space, 47

holomorphic curvature, 137
holomorphically projective

class, 420
mapping, 418
motion, 434
transformation, 434

homeomorphic spaces, 35
homeomorphism map, 35
homothetic

mapping and transformation, 198
homotopy

from f to g, 56
relative to a subset, 57

hyperbolic Kähler manifold, 132, 340
hypersurface, 65

identity Bianchi, 84; Ricci, 85; Walker, 438
immersion, 71
index

of a symmetric bilinear form, 108
of a tensor
contravariant; covariant, 77

infinitesimal
deformation geodesic, 367
harmonic transformation, 230
harmonic vector fields, 230

integrability conditions, 101
integral stationary, 123
interior (point) of a set, 29
interval in an ordered set, 27
invariant under

conformal maps, 239
geodesic maps, 263, 266
HP mappings, 420

invariant, topological, 36, 81
irreducible manifold, 192
isometry, 24, 110; local, 110
isotropic vector, 109

Kähler manifold, 132,340
elliptic, hyperbolic, parabolic, 132

Killing p-form, 375
Killing vector, 250, 375

affine, 192; conformal, 250
holomorphically projective, 435
homothetic, 198; projective, 272
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Killing-Yano equations, 375
Killing-Yano tensor, 375
Kronecker delta, 84

Landsberg tensor, 481
length of a vector, 109
Levi-Civita

connection, 110
equations, 261, 275
metrics, 300

limit point, 28, 52
of a net; of a sequence, 33

linear form, 77
locally finite system of subset, 49
loop, 58

constant based at the point, 58
inverse, 58

loops, homotopy equivalent, 58
Lorentzian space, 108

manifold
Cr-differentiable, 70
T -pseudosymmetric, 330
Kn[B], 431
Vn(B), 303
Einstein, 115, 320
equidistant, 140
Finsler, 480
flat, 85
Kähler, 132
irreducible, 192
product, 191
projectively flat, 269
Ricci flat, 85
Ricci-semisymmetric, 286
Riemannian, 108
Riemann-Finsler, 480
semisymmetric, 286, 287
T -pseudosymmetric, 329
T -semisymmetric, 329
topological
n-dimensional, 65

Weyl, 294
with affine connection, 82
with linear connection, 82
with projective connection, 264

manifolds diffeomorphic, 70

map

Cartesian, 317

closed, 36

continuous, 23, 34

in the point, 34

differentiable

of the class Cr, 69

differential, 72

homeomorphism, 35

homotopic zero, 58

identification, 40

multilinear, 77

open, 36

tangent, 72

topological, 35

mapping

affine, 182

concircular, 247

conformal, 235

connection-preserving, 257

F1- , F2- , F3-planar, 398

geodesic, 257

trivial, 259, 261

holomorphically-projective

trivial, 419

homothetic, 198

of the class Cr, 70

maps homotopic, 56

matrix, Jacobian, 73

meridians, 350

metric, 21

discrete, 22

form, 108

product, 51

space, 21, 26

taxicab, 23

metric

compatible to a connection, 201

Levi-Civita, 300

Metrization Problem, 201

Mikeš-Berezovski equations, 276

Möbius strip (band), 64

mobility degree: see degree mobility
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motion, 196
conformal, 250; homothetic, 250
holomorphically projective, 434
projective, 272

neighbourhood, 25
of a point, 23; open, 34
base of a point, 31

net in a topological space, 33
norm, 21
normal

coordinates, 117
affine connection, 264

null vector, 109

object, geometric, 80
open

ball, 22; set, 24; subset, 22
coordinate
box, 25; parallelepiped, 25

operator
Dirac, 380

parabolic Kähler manifold, 340
parallel along curve

vector, tensor, 86
parallel transport, 86
parameter, canonical, 124
parameter projective (Thomas), 263
parametrization

local of a manifold, 66
partition of unity, 50

subordinate to an open cover, 50
path, 40

joining two points, 40
paths, 202

homotopy equivalent, 58
point

beginning, end, 40
boundary and frontier, 29
exterior and interior of a set, 29

poles, 350
potence set, 25
principal direction, 361

orthonormal basis, 361
T -pseudosymmetric space, 438

problem variational, 205
generalized, 125

product
manifold, 70, 191
of homotopies, 57
of loops, 58
scalar, 109
tensor, 78
topological
finite, 38

projective, 482
connection, 264
motion, 272
recurrent spaces, 293
symmetric spaces, 293
transformation, 258, 272

projectively flat, 495
projectively related, 482, 495
pseudo-Euclidean space, 108
pseudometric, 21
pseudosymmetric manifold, 290
pseudo-Riemannian manifold, 107

quaternionic traceless, 176

recurrent along curve vector, 86
recurrent spaces, 293
reparametrization of a curve, 74
Ricci

flat manifold, 85
form, 111
identity, 85
k-pseudosymmetric space, 438
pseudosymmetric space, 290
semisymmetric space, 286, 438,
soliton, 232
tensor, 111

Riemannian
curvature tensor, 84, 110
manifold (space), 108
of the class Cr, 108

scalar product, 109
second fundamental form of, 229
semisymmetric manifold, 286
sequence, convergent, 33
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set
bounded in a metric space, 22
closed, 27; dense, co-dense, 28
countable, 32; derived, 28
directed, 33
nowhere dense, 28
open, 24, 25
potence, 25

sets
separated, 41

smooth atlas, 69
space

see manifold

m-recurrent, 338
m-symmetric, 338
base, 39
cartesian, 23
cotangent, 76
Einstein, 114, 151
equidistant, 287
Euclidean, 21, 23, 26, 108, 317
flat, 108, 317
Finsler, 479
Lorentzian, 108
metric, 21; complete, 52
Minkowski, 108
of constant curvature, 114
holomorphic curvature, 198

paracompact, 50
parameter, 56
path-connected, 40
pointed, 59
projectively flat, 319
pseudo-Euclidean, 108
quotient, 39
recurrent, 293
generally, 338; projective 297

Riemannian, 108
classical, property, 108
pseudo-

Riemann-Finsler, 479
simply connected, 61
symmetric, 114, 293
topological, 25
Tychonoff, 45

space-time, 375

spaces

holomorphically-projective equiv-
alent, 420

conformally equivalent, 238

geodesically equivalent, 262

homeomorphic, 35, 36

sphere

n-dimensional, 37

straight line, 89

Sorgenfrey, 31

structure

differentiable, 69

tensor, 132

subbase of topology, 31

subcover, 30

open, 30

submanifold, 70

subset open, 22

in metric topology, 26

subspace

path-connected, 40

relative, 37

surface, 62

(non-) orientable, 62, 63

symbols Christoffel, 82, 110

symmetric

space, 114, 293

symmetric Killing tensor, 382

symmetrization of a tensor, 78

system

basic, 370

completely integrable, 101

coordinate, 66

of PDE’s of Cauchy type, 100

parametrized, 56

T -pseudosymmetric Vn, 329

T -k-pseudosymmetric Kn, 329

T -semisymmetric Vn, 329

tangent bundle, 72



554 SUBJECT INDEX

tensor
antisymmetric
with respect to a pair of indices, 77

Brinkmann, 239
Cartan, 481
contravariant, 77
covariant, 77
covariantly constant, 84
curvature, 84
deformation, 182
Douglas, 482
Landsberg, 481
metric, 108
of concircular curvature, 248, 327
of conformal curvature, 240
of projective curvature, 266
of type (r, s), 77
Ricci, 111
Riemannian, 84, 110
symmetric
with respect to a pair of indices, 77

Weyl, 482
Weyl of conformal curvature, 239

tensor field: see tensor
contravariant, 79
covariant, 79
of the class Cr, 79

Thomas’ object
of projective connection, 263

topological
Hausdorff space, 43
map, 35
space, 25

topology, 14
basis, 16

torse-forming vector field, 76
topological space

antidiscrete, 26
discrete, 26
first countable, 32
indiscrete, 26
Lindelöf, 32
metrizable, 30
second countable, 32
separable, 32

topological subgroup, 54

topology, 25

antidiscrete, 26

base, 31

bigger, 29

coarser, 29

discrete, 26

final, 37

finer, 29

generated by a neighbourhood sys-
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generated by closed sets, 27

identification, 39

indiscrete, 26

inductively generated

by the system of maps, 37

initial, 37

interval, 27

of countable complements, 26

of finite complements, 26

product, 38

projectively generated

by the system of maps, 37

relative, 37

smaller, 29

Sorgenfrey, 31

subbase, 31

subspace, 37

torse-forming

vector, 140

transformation

F -planar, 408

conformal, 236, 250

geodesic, 258

harmonic, 230

holomorphically projective, 434

law of a geometric object, 80

of coordinate system, 66

projective, 258, 272, 350

nontrivial, 350

translation

left, 54
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second, 122

vector
covariant, 76, 77
displacement, 366
isotropic, 109
null, 109
parallel
along curve, 86

recurrent
along curve, 86

tangent, 71
of a curve, 73

torse-forming, 140
vector field

continuous, 74
differentiable of the class Cr, 74

vectors
tangent
orthogonal, 109

Voss–Weyl formula, 111

Walker identities, 438
warped-product, 383
Weyl manifold, 294
Weyl tensor

of conformal curvature, 239, 240, 266
of projective curvature, 266, 382

Yano operator, 233
Yano tensor

of concircular curvature, 248, 327

degree of mappings
ra 104
rgm 147, 152, 177, 180, 188
rhpm 248, 254, 256
r
F

224

order (degree) of transformations
raf 95, 97
rhom 102–104, 180, 256
rcon 120
rpt 143, 180, 181, 188
rhpt 255, 256
r
Ft

236, 237
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Horský J., 515
de L’Hospital G., 90
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Krtouš P., 532
Kruchkovich G.I., 301, 327, 516, 532
Krupka D., 532
Krys J., 532
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Minčić S.M., 417, 537, 538, 543, 545
Mirzoyan V.A., 286, 517
Misner C.W., 517
Mo X., 524, 538
Mocanu P., 538
Moise E.E., 517
Mokhtarian F., 517
Moldobaev Dz., 18, 250, 251, 308, 520,

536, 538
Moor A., 538
Movchan Yu.A., 542
Munteanu G., 517, 538
Murray M.K., 517
Muto Y., 437, 538

Nagano T., 340, 546
Nagaoka H., 513
Nagy P.T., 517
Najafi B., 538
Najdanović M., 546
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Pokorná O., 417, 536, 542, 544, 545
Policht J., 527
Pontryagin L.S., 184, 314, 517
Popov A.G., 91, 517, 539
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Vavř́ıková (Chudá) H. 537, 545
Vazquez-Abal E., 527
Veblen O., 201, 206, 212, 526
Vekua I.N., 518
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Zlatanović M.Lj., 525, 546
Zudina T.V., 546
Zund J., 540



565

A U T H O R S

Josef Mikeš
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János Bolyai, 1802–1860
Born in Kolozsvár (Cluj), a Hungarian soldier and mathematician. Between 1820 and 1823 J. Bolyai prepared 
a treatise on a complete concept of non-Euclidean geometry, independently of the results of N. I. Lobachevski 
(1792–1856) and K. Gauss (1777–1855). Bolyai‘s work was published in 1832 as an Appendix to a mathematics 
textbook written by his father.
I tis of interest to mention that for a short period (1832–1833) of his military service J. Bolyai was soldier of a 
garrison in Olomouc (Czech Republic, late Olmütz) as evidenced by his memory inscription at his bust set up in 
the Olomouc Army House.
Ivestigation of geodesic mappings by Beltrami in 1865 marked the beginning of the general acceptance of Bolyai, 
Gauss and Lobachevski results.
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