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1 Introduction

Differential geometric aspects of submanifolds of manifolds with certain structures are very
fruitful fields for Riemannian geometry. Study of complex submanifolds immersed in locally
conformal Kéhler manifolds (for brevity, LCK-manifolds) was begun by Vaisman in [14],
and more attention was paid to so called Generalized Hopf manifolds. Special mappings of
Kihler and conformal Kéhler manifolds were studied in [7, 8, 10, 11]. Certain questions on
conformal mappings and conformal tensor are solved in [5, 6, 9, 12, 13].

We continue to study the immersions of submanifolds that a tangent space in all points of the
submanifolds to be normal to Lee field. Also we explore properties of Lee form of Vaisman
and pseudo-Vaisman manifolds.

2 Preliminaries

A Hermitian manifold (M?™,J, g) is called a locally conformal Kihler manifold
(LCK-manifold) if there is an open cover { = {Uo‘}ae 4 of M 2m and a family {0, }aca
of C'*° functions o, : U, — R so that each local metric
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is Kéhlerian. An LCK-manifold is endowed with some form w, so called a Lee form which
can be calculated as [2]

w:—éQoJ or w; = — Jg oL, (1)

m—1 n—2

The form should be closed:
dw = 0.

One can compute covariant derivative an almost complex structure with respect of the Levi-
Civita connection of (M?™, J, g) using the formulae

Jf (5’“J%a — WP Ty — Jrwi + Jawgij). 2)

i,J J

Let (M?™, J, g) be a complex m-dimensional Hermitian manifold, g is its Hermitian metric,
J is its comlex structure. Consider an immersion of an m-dimensional manifold M* in M?™:

U M —s M

Let V and V be operators of covariant differentiations on /%™ and Wk, respectively. Then
the Gauss and Weingarten formulas are given by [1, p. 2] :

VxY =VxY +h(X,Y), (3)
Vxé =—AX + Vx¢, @)

respectively, where X and Y are vector fields tangent to M" and & normal to M h(X,Y)is
the second fundamental form, V= the linear connection induced in the normal bundle E(¥),
called the normal connection, and A, the second fundamental tensor at .

We call 3" C'R— submanifold of (M?™, J, g) if M carries a C distribution D so that

1. D is holomorphic (i.e. J,(D,) = D,) for any x € Mk,

2. the orthogonal complement D+ with respect to § = ¥*g of D in T(Mk) is anti-
invariant (i.e. J,(D*,) C E(V),) forany z € M")[2, p. 153]

Let (Mk D)beaCR— submanifold of the Hermitian manifold MZ™. Set p = dim(c D, and

p = dimg Di; for any z € " such that 2p +q = k. If ¢ = 0 then M is a complex
submanifold, i.e. it is a complex manifold and W is a holomorphic immersion. If p = 0
then M is an anti-invariant submanifold (i.e. J,(T,(3M")) C E(V), for any z € M").
A CR—submanifold (M", D) is proper if p # 0 and ¢ # 0. Also (M", D) is generic if
qg = 2m — k (ie. Jm(Tx(Mk)) = E(V), for any z € Mk). A submanifold 7" of the

complex manifold (M?™, J) is totally real if
T.(M") 0 J(T,(M)) = {0}

for any x € M
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3 Complex hypersurfaces of LCK-manifolds

Let submanifold Mk is immersed in LCK-manifold M?™
v ME— M

so that k = 2p and for any « € M "

We are concerned with finding conditions under which LCK-manifold A/?>™ admits immer-
sion of complex submanifolds. Then we obtain the following Theorem.

Theorem 1 LCK-manifold M*™ admits immersion of complex hypersurface M2 such
that the Lee field B = w* and the anti-Lee field A = —JB = —Jw? are normal to the

hypersurface M if and only if the Lee form of M>™ satisfies the condition

Py (Vxw(Y)) = @g(x, Y).

Here @, is the fourth Obata’s projector:

1
@4((,0@‘7]') = 5(5?5;) + JfJf)wa’b.

Necessity. Let us consider an LCK-manifold M?™. Let = woJ and A = —JB be
respectively the anti-Lee form and the anti-Lee vector field. Then, we can rewrite (2) as

V()Y = Z(0(Y)X —w(Y)JX — g(X,Y)A - Q(X,Y)B),

N | —

and hence we get
1
VxA=—JVB+ g ([[W*7X +w(X) - 0(X)B)

for any X € T(M?™). Let M*™2 be a complex hypersurface of an M?™. If B € E(¥),
then A € E(V) since the immersion is analytic one. Moreover, if X, Y € T(M?™2), then
[X,Y] € T(M?*"~2) according to the classical Frobenius theorem. Hence

= g(Y,JVxB) — g(X,JVyB) + |w|*Q(X,Y

Rewriting (5) in local coordinates, we obtain

wt,jJt — me; — HwH2Jij =0. (6)

7

Next, multiply (6) by J;: |

We can rewrite (7) as
20, (w; ;) — [|lw|*g;; = 0.
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where @, is the fourth Obata’s projector [4]. For instance, applying the operator to a tensor
h

means
Dy (QL) = (5“55+Jajb)
Hence 9
o) = 0, -

Sufficiency. Tangent bundle T'(M>™) should satisfy the system since the bundle is normal to
both Lee field B and anti-Lee field A
w=~0
i ©

According to the Frobenius theorem the system (9) is completely integrable if and only if
both Lee-form and anti-Lee form identically satisfy the conditions

1) dwAwANBO=0

2) ddAwAB=0. (10)

Identity (10,) is satisfied since an M*™ is LCK-manifold, hence dw = 0. We have to explore
(102). Let us take the exterior differential of the anti-Lee form § = w o J [15, p. 6].

1 : . ,
df = 5(v,c(wiJ;.) — V(wiJp))da® A da?
1 . , . . .
= 5 (Wi +wijp = wig i wiJy ;) da® A da?
According to (2) we obtain:

df = (wsz —i—le;k dz® A da?

;1
= (kaJj -+ 5

= —(wipd] — wijJp — [Jwl[*Tjn + wrJfw — wrJfw; da® A da?

)
= (wsz + w;— (5” tht wZij ka] + J w gjk))dxk A da?
wajwt — §HWH2ij thk,w])d:L’k A dx’
)

l\l)l»—l

Then,
dONw N = %(w@k(}; — wi i i — | Tk
+wa;wt — th,iwj)dxk Adz? A widzt A wsJ,‘zdxh (11)
= %(wlkJ; —w;jJp = |w|*Jj)da® A da? A wdat A wgJjda”,
since the equation

1 .
§(wa;wt — th,iwj)dxk A dx? A widzt A wstdeh = 0;

is identically satisfied. Hence the equation

wi,kJ;: — injJ,i — ||W||2ij = 0,
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gives us a sufficient condition for the identity df A w A 6 = 0 to be satisfied. The condition
coincides with (6) which is equivalent to (8):

1
Dy(wij) = §HW||29¢J‘-

Hence (109) is satisfied too. Sufficiency is proved.

Taking into account that LCK-manifolds with Lee form which satisfies the condition

_ lwl?

have very particular properties, we propose call such LCK-manifolds as the Pseudo-Vaisman
manifolds.

4 Pseudo-Vaisman manifolds

Let us discover the condition (12). An LCK-manifold is a Hermitian since its almost complex
structure is integrable. This means the existence of the coordinate system in which .J and
metric g take correspondingly the forms

= (70" )@= %)

In the system of coordinates we can rewrite (12) as

]|
wa,B = Tgaﬁx (13)
One knows that the components of the connection with respect to the Hermitian metric g;;
by formulas [15, p. 64]

K 1 Kp .
1) I\ = 59 p(a,ug)\ﬁ + 3Ag#,s), conj.
1 O .
2) I = 5 9" (0595 — 059, conj. (14)
3) I =0, conj.

where conj. means that there exists a formula which is the complex conjugate of the formula
written at the left.

For LCK-manifolds (14-) takes the form

K 1 Kp 1 K K :
Fui =59 ”(w;\guﬁ — w,ggu;\) = §(w;\(5# —w guj\), (conj.). (15)
Hence taking into account (15) we can rewrite (13) as
Jwl® el
g e = T dai

W = Opwa — wil™ 5 — wil’

b 5 = OgWa — Wiwa +

aB
Then we obtain
8Bwa — wiwa = 0. (16)
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Let us multiply the both sides (16) by e~ where o is a function such that do = w. Then
—e“’@Bwa + e Cwiw, = 66(—6_”wa) =0.
Finally, we obtain the equation
0%
D280z
The general solution of (17) is given by

b= f(z) + f(2),

where f(z) is a some analytic function of coordinates 2!, 22, ...2™, and f(2) is a complex
conjugate of the function f(z), since ¢ must be a real number which is subject to the condi-
tion Ref(z) > 0. Hence the function o determining the conformal mapping is

- 0. (17)

oc=1In ;
fz)+ f(2)°
and Lee form is
A 11 C) R /.G N
@+ fE) T fe)+f(3)

Hence we obtain the theorem.
Theorem 2 If the Lee form of an LCK M?*™ satisfies the condition
_ ]
@, (Vxw(V)) = 2L g(X, V).

then the form is
fa(2) _ fa(®)

TR+ YT TR+ Gy

where f(z) is a some analytic function such that Ref(z) > 0.

One might conclude that it is easy to construct pseudo-Vaisman manifold because it seems
sufficient the latter admits a Kihlerian metric. But that is wrong because not always it is
possible to find an analytic function such that Ref(z) > 0 in every manifold’s point. In
particular, there exists a theorem.

Theorem 3 There is no compact pseudo-Vaisman manifold.

Proof. Let M is an LCK-manifold such that its Lee form satisfies the condition
1 2
Cywig) = Slwll g
Transvecting this with g%/, we find
.n
Viw' = —||wl|?.
W' = 2wl

On the other hand, according to the Theorem of Green [15, p. 21]

/ V.widr =0,

MTL
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where d7 is the volume element

dr = \/gde" NdEX A ... N dE™.

5 [ leliar =0,
Mn

that is impossible for an LCK-manifold. The theorem is proved.

In this case we obtain

5 Vaisman manifods and Kihler-Vaisman potential

Let us concider locally conformal Kéhler manifolds with a parallel Lee form.
Vw; = 0.
In particular, using so called a holomorphic coordinate system we have
Vwa = 0. (18)

Taking into account (15), we can rewrite (18) as

. 7 lw]l?
W5 = (93% — wﬁfaﬁ — w,%FaB = %wa — WaWa + TQQB =0.
We get
2
w
8Bwa — WaWa = — | 2” 9oj (19)

Multiplying the both sides (19) by e~ where ¢ is a function such that do = w we obtain

lll® s

B (& gaB‘

—e_"@Bwa + e_"wﬁwa = 83(—6_%)@) =

Finally we get
oy _ wll”
0504 (e77) = 5 Jap

or, since on a Vaisman manifold condition ||w||?* = const holds,

2
0300 (——e) = g5, (20)
B (Hsz ) g B

where g, ; = €7?g,5 is a local Kéhlerian metric. The theorem follows from (20).

Theorem 4 For any Vaisman manifold M™ there locally exists a function

2
Viz, 2) = e’
which determines a local Kdiihlerian metric.
The function V'(z, 2) = ”fHQ e~ 7 is said to be a Kdhler-Vaisman potential.
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