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Abstract. In the paper we consider canonical almost geodesic mappings of spaces with affine connection
onto m-Ricci-symmetric spaces. In particular, we studied in detail canonical almost geodesic mappings of
the first type of spaces with affine connections onto 2- and 3-Ricci-symmetric spaces. In either case the main
equations for the mappings have been obtained as a closed mixed system of PDEs of Cauchy type. We have
found the maximum number of essential parameters which the solution of the system depends on.

1. Introduction

The paper is devoted to further study of the theory of almost geodesic mappings of affinely connected
spaces. The theory, as well as other theories of diffeomorphisms, goes back to the paper [17] of T. Levi-
Civita, in which the problem on the search for Riemannian spaces with common geodesics was stated and
solved in a special coordinate system. We note a remarkable fact that this problem is related to the study of
equations of dynamics of mechanical systems.

The theory of geodesic mappings hasbeen developed by T. Thomas, H. Weyl, P.A. Shirokov, A.S. Solodov-
nikov, N.S. Sinyukov, A.V. Aminova, J. Mikes, and others. Issues arisen by the exploration were studied
by V.E.Kagan, G. Vrangeanu, Ya.L.Shapiro, D.V. Vedenyapin et al. The authors discover special classes of
(n — 2)-spaces.

In [26], A.Z. Petrov introduced the notion of quasi-geodesic mappings. In particular, holomorphically
projective mappings of Kéhlerian spaces are special quasi-geodesic mappings; they were examined by
T. Otsuki and Y. Tashiro, M. Prvanovi¢, J. Mike$ and others.

A natural generalization of these classes of mappings is the class of almost geodesic mappings introduced
by Sinyukov (see [30-33]). He also specified three types of almost geodesic mappings m1, 7, 3. The
problem of completeness of classification had long remained unresolved.
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The theory of almost geodesic mappings was developed by V.S.Sobchuk [34, 35], V.S.Shadnyi [36],
N.Y. Yablonskaya [42], V.E. Berezovski, ]. Mikes [1-14, 23, 24, 39], Lj.S. Velimirovi¢, N. Vesi¢, M.S. Stankovic,
M.Z. Petrovi¢ [27-29, 37, 38, 40, 41] et al.

It is known [32] that almost geodesic mappings allow to model processes in some settings, including
energetic conditions (which are described by some spaces) if there were no external forces, by replacing the
processes (and corresponding spaces) by others in other settings and there are external forces. In particular,
almost geodesic mappings and transformations are used in theories of gravity [16].

N.S. Sinyukov [33] proved that the main equations for canonical almost geodesic mappings of the first
type of spaces with affine connections onto Ricci-symmetric spaces can be written as a closed system of
partial differential equations of Cauchy type in covariant derivatives. It follows that the family of spaces
onto which an affinely connected space admits canonical almost geodesic mappings of the type 71, depends
on a finite number of essential parameters.

On the other hand, geodesic mappings are a special case of the canonical almost geodesic mappings of
the type ;. The main equations of geodesic mappings of affinely connected spaces can not be reduced to
a closed system of partial differential equations of Cauchy type, because the general solution depends on n
arbitrary functions.

Hence in the general case the main equations of canonical almost geodesic mappings of the type m;
of affinely connected spaces also can not be reduced to a closed system of partial differential equations of
Cauchy type.

The papers [8, 13, 14] are devoted to the study of canonical almost geodesic mappings of the first type of
spaces with affine connections onto Riemannian spaces and onto generalized Ricci-symmetric spaces. The
main equations of the above said mappings were reduced to closed systems of partial differential equations
of Cauchy type. These results substantively supplemented the results obtained by N.S. Sinyukov [33] for
canonical almost geodesic mappings of the first type of spaces with affine connections onto Ricci-symmetric
spaces.

In seventy of 20 century V.R. Kaygorodov [15] studied geometry of generalized symmetric and recurrent
spaces. Results of geodesic and holomorphically projective mappings onto these spaces obtained J. Mike$
[18, 19, 25], J. Mike$ and V.S. Sobchuk [25], see [20-23, 32].

In this paper, the main equations for almost geodesic mappings of spaces with affine connections onto
2-, 3- and m-Ricci-symmetric spaces are obtained as closed system Cauchy-type differential equations in
covariant derivatives. These results are a generalization of the above said results.

2. Basic definitions of almost geodesic mappings of spaces with affine connections.

Let us recall the basic definition, formulas and theorems of the theory presented in [22, 23, 31-33].

Consider a space A, with an affine connection FZ without torsion. The space is referred to coordinates
b x%,

A curve I: " = ¥(t) in the space A, is a geodesic when its tangent vector A"(t) = dx'(t)/dt satisfies the
equations
dAl(t)

dt

and p(t) is a function of t. We denote by comma “,” the covariant derivative with respect to the connection
of the space A,.

A curve in the space A, (1 > 2) is an almost geodesic when its tangent vector A"(t) = dx(t)/dt satisfies the
equations

Al=p(t)- A", where Al=A"AY = + Dhg (A (AP (E),

Al =a(t)- A"+ b(t) - AL,
where /\’5 = /\’; A% and a(t), b(t) are functions of the parameter .

We say that a diffeomorphism f: A, — A, is an almost geodesic mapping if any geodesic curve of A, is
mapped under f onto an almost geodesic curve in A,.
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Suppose, that a space A, with affine connection Fi?j(x) admits a mapping f onto a space A, with affine

connection Fflj(x), and the spaces are referred to the common coordinate system xl,x2, .
The tensor

Pij) = Tj(x) =T, N

is called a deformation tensor of the connections Ff'].(x) and I:i?j(x) with respect to the mapping f. The symbols

Ff?j(x) and f?].(x) are components of affine connections of the spaces A, and A, respectively.
According to [30-33], a necessary and sufficient condition for the mapping of a space A, onto a space
Ay to be almost geodesic is that the deformation tensor Pf.’].(x) of the mapping f in the common coordinate

system x!,x2,...,x" has to satisfy the condition

Ah

arBry — . ph yaB ok
h ACAPAY = a - P AAR + b AT,

where A" is an arbitrary vector, a and b are certain functions of variables x!,x%,...,x" and A}, A2,...,A". The

tensor A" is defined as def
g = Pl _+ PP

h
A; ijk ij" ak®

ijk
Almost geodesic mappings of spaces with affine connections were introduced by N.S. Sinyukov [30-

33]. He distinguished three kinds of almost geodesic mappings, namely 7, 7, and 73 characterized, by
following conditions for the deformation tensor.

A mapping f : A, — A, is called
e an almost geodesic of type m1, if it satisfies the following condition
A?ijk) = 5?iajk) + b(ip?k)/ (2)

where a;; is a symmetric tensor, b; is a covariant vector, and 65’ is the Kronecker delta. We denote by the
round parentheses an operation called symmetrization without division with respect to the indices.

e an almost geodesic of type 1z, if the conditions P} = 5y + Fipy, Fi; ; + FiuFie) = O ) + F{pj holds.

h

(@)
Here ;, @i, u;, and p; are covectors, F{? is a tensor of type (1, 1).

e an almost geodesic of type 1, if the conditions P}; = 6 + 0"a;;, 0" = po} + 0"a; holds.

Here 0" is a torse forming vector, ¢;, a; are covectors, a;j is a symmetric tensor and p is a function.

V. Berezovski and J. Mikes [5, 6] proved that for n > 5 other types of almost geodesic mappings except
11, Tz, and 13 do not exist. The types of almost geodesic mappings 71, 7, 73 can intersect. It is proved
that if an almost geodesic mapping f is simultaneously 771 and 7>, then f is a mapping of affine connection
spaces with preserved linear complex of geodesic lines. If the mapping f is simultaneously 71; and 73, then
f is a mapping of affine connection spaces with preserved quadratic complex of geodesic lines [6].

If in the equation (2) the condition b; = 0 holds, then the almost geodesic mapping m; is called canonical.

Hence the conditions for the deformation tensor are given by
h ho _ sh
P(ij,k) + Pz‘jpk)a = 6(ia]-k). (3)

It is known [33] that any almost geodesic mapping 7; can be written as the composition of a canonical
almost geodesic mapping of type 7; and a geodesic mapping. The latter may be referred to as a trivial
almost geodesic mapping and hence it can be neglected.

Also it is known that the equation (3) can be written in the form

—R!

3(13’? + P! P‘%) =R! -

i
ik T Pkal'i @ik + 0 aij), (4)

where R;’].k and Ei’jk are the Riemann tensors of the spaces A, and A, respectively.
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3. Canonical almost geodesic mappings of the first type of spaces with affine connections onto 2-Ricci-
symmetric spaces

A space A, with an affine connection is called 2-Ricci-symmetric if its Ricci tensor satisfies the condition
Eij;km =0. ®)

By the symbol “; ”” we denote a covariant derivative with respect to the connection of the space A,,.
Let us consider the canonical almost geodesic mappings of type 71 of spaces A, with affine connections

onto 2-Ricci-symmetric spaces A,, which are determined by the equations (4).
Obviously, the equations (4) can be considered as a Cauchy type system of equations in the space A,
respective the unknown functions Pf’ The integrability conditions of (4) are

= Rl

Toh
R (@)L

Gkl  +PtRE + P!RY)

h
+ 0@kl 5(1”11)k 3(-P¢R aifSin T Lia

ij ak ( 6)
k(Ro])z (1])1 +0gaj) + P al(R(z])k R(ij)k + (),
where by the brackets [k,I] we denote an operation called antisymmetrization (or, alternation) without
division with respect to the indices k and /.
Hence from (1) we have
R _Rh h R R el R

Riy; = Rijy = PioRig + PyRy e + PuRiy + PRy, @)
Taking into account (7), in the left-hand side we replace the covariant derivative of the tensor E?jk with
respect to the connection of A, by the covariant derivative of the same tensor with respect to the connection
of A,. We have

ol h I
R(11])[k q = R(z]) kn T 5(z“ﬂ< 5(1”]l)k 3(=P;, 1]Rakl +P a]Rf}[d +P; laR;Ykl) @)
oh
k(R(z])l +0¢aj) + P al(R G T 06an) — Py |a|])k — PR o + P k(sz atP k(zR])al
Using the Bianchi identity, we write (8) in the form
Sh h n I
Rij; + R]lkz o = Ogajnk + Pis ©)
where
h h I I i
Pij = R(;])[kz 3(=P;, Rakl + PRy + P; zaR;lkl) p k(R(z])l +o(aj) + Py(R; ik T 6?1'“1'10)
—Py R\amk Py l(zR])ak + Py Rmml +P k(zR])Dél
From (1) we have also
h oh oh oh oh
(Rzlk]) m 1lk Sjm PLYmR?;k] + P?mRalk] + Pganck] + Plmezla] + P?mRzlka (10)

We differentiate the equations (9) covariantly with respect to the connection of A, and in the left-hand
side in consequence of (10) express the covariant derivative with respect to the connection of A, in terms of

the covariant derivative with respect to the connection of Ay Taking account of (7), we obtain

Riiim * R = 0050m = i o + Pl (a1
where
P = Plikim +Pma(R(l|,k| ) Pﬁ(]R +2pPF Rﬁlk +Pf R,)ﬁk + P! R,)lﬁ)
P2 (Rl = Ph R + 2PL Ry + P R+ Pﬁ] hes)
—P%, (Rl ) P’;(]Rfla + 2Pf]R;;m + Pi}Rgﬂa +P° (]Rfﬂﬁ) (12)
=P, (Rilallk\ 7 PZ(JRi)lk + ZPﬁJRglk + Pﬁ Rh g T Pﬁ k(j a)lﬁ)
—P% (Rl — PhoRoye + 2P0 Rl + PﬁaRgﬁk + PRl ).



V.E. Berezovski et al. / Filomat 36:4 (2022), 1089-1097 1093

We introduce the tensors a;; and E?jkm defined by
Aijk = Aijk, (13)
(14)

We have assumed that in the right-hand side of (12) the covariant derivatives of the tensors Pf’]., aij, E?jk
with respect to the connection of A, are expressed in according to the formulas (4), (13) and (14). In other

words, the tensor p?jklm depends on the unknown tensors PZ, ij, Aijk, E?jk, E?jkm, and on some tensors, which
are assumed to be known. - _

Since in this case the space A, is 2-Ricci-symmetric, it follows that the Ricci tensor R;; satisfies the
condition (5).

Contracting the equations (11) for & and k, from (5) we get

(1 + 1) ijim = i jim = Aljim = =P (15)

We symmetrize the equation (15) in the indices ! and i. Then, interchanging the indices [ and j, we get

1
o o= p% Zq.
ail, jm + Aljim n P(l|1a|])m + 1 Aijlm- (16)

The equation (15) because of (13) and (16) can be written in the form

2
n“+n-2
Bijl,m = _P?;'alm - pt();|la|j)m' 17)
Taking into account (13), we write (11) in the form

oh b _ )]

Rijesjom * Riim = Hitijm (18)
where

o _ sh h I
Hitkjm = O j01Lm = O@jkm + Py (19)

We have assumed that in the right-hand side of (19) the covariant derivatives of the tensor a;; with
respect to the connection of A, are expressed in according to (17). In other words, the tensor y?‘lk].m depends

on the unknown tensors PZ, ij, Aijk, R;’].k, R?jkm, and on some tensors, which are assumed to be known.

Let us alternate (18) with respect to the indicies i and m. Taking into account the Ricci identity we obtain

S Sh
Rilk;mj - lek;ij - tilkmj’ (20)
h _ h __ pa ph h pa Rh pa h pa
titkmj = By ~ RineRamj + R + RigreRipn + Riga Ry
Sa ph L Bh pa L Rh Pa L Bh Pa
~RoRaji + R Ry + Ryyrc R + Ry R
-R*R" +R" R* +R" R* +R" R

jlk™ ami alk™ jmi jok™ N mi jla™Ykmi®

Interchanging the indices m and j in the equation (20), we obtain

S Sh
Risim = Riim = Litkjm- (21)
If the equations (18) and (21) be added, we have
Sh h
2Rigim = Higejm T Hirkjm- (22)
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In consequence of (7) and (10) in the left-hand side of (22) we express the covariant derivative with
respect to the connection of A, in terms of the covariant derivative with respect to the connection of A,.

Taking account of (14), we obtain

oh _ h h Y oh oh Y,
ZRilkj,m - Auilkjm + tilkjm - 2(Pja,mR3k =Pl R = P Rige = P R

ijm= alk ljm™ Viak kjm™ila

h pa ah ah a h
P Rien = PiiRogim = PriRicim = PeiRitam

(% =6 _ bR b2 f T
+Pam(ng]. + PyRY, — PIRS, — PLRY, — Pk].Rgﬁ)

a (Th h 7B B T B Toh B T
=P i:n(Ralkj + PiR o — PoiRai = PiiRoge = PriRagg (23)
Th
_P;]:n(Riakj B Niak aj tipk kj~Viap

+P.RC PRl + PP Rl +PLR! )
i pak
oh h 1B B Toh B Toh B Toh
-P Il:m(Rilaj + PRy, — PRy, — PRig, — P ajRilﬁ)
a (Toh P B Toh B Toh B Toh
-P ij(Rilka + P Ry = P Ry = Py Rig — P kaRilﬁ))'

We have assumed that in the right-hand side of (23) the covariant derivatives of the tensor Pf’j with
respect to the connection of A, are expressed in according to (4).
Obviously, in the space A, the equations (4), (13), (14), (17) and (23) form a closed mixed system of PDEs

of Cauchy type with respect to the functions Pﬁ’j(x), aij(x), a;jx(x), Eg,k(x), R" (x). The functions must satisfy

ijkm
the algebraic conditions

Pfl](x) = P)]?l-(X), ﬂij(X) = ﬂji(x)/ E?(]‘k)(x) = E?ijk)(x) =0. (24)
Hence we have proved

Theorem 3.1. In order that a space A, with an affine connection admit an almost geodesic mappings of type m, onto

a 2-Ricci-symmetric space A,, it is necessary and sufficient that the mixed system of differential equations of Cauchy
type in covariant derivatives (4), (13), (14), (17), (23) and (24) have a solution with respect to the unknown functions

Pf'lj(x)/ Elj]'(x), El,‘]‘k(X), ﬁl}'l]'k(x)/ Elh].km(.?(f).

The general solution of the mixed system of Cauchy type (4), (13), (14), (17), (23) and (24) depends on
no more than %n(Zn +1)(n+1)+ %nz(n +1)(n? — 1) essential parameters.

4. Canonical almost geodesic mappings of the first type of spaces with affine connections onto 3-Ricci-
symmetric spaces

A space A, with an affine connection is called 3-Ricci-symmetric if its Ricci tensor satisfies the condition

Rijkmi = 0. (25)

Let us consider the canonical almost geodesic mappings of type 1 of spaces A, with affine connections

onto 3-Ricci-symmetric spaces A,, which are determined by the equations (4). Exploring the conditions of
integrability of (4), we obtain the equations (11) and (23).
Because of (1) we have also
(k;

_ ph _ ph pa
ilk;jm),q =R PaqR

a ph a ph a h a ph a h
ilk; jmg itk im + PigRatim  ProRiaksjim + PregRitagjm + PigRiam + PmgR (26)

ilk; joc*
We differentiate the equations (11) covariantly with respect to the connection of A, and in the left-hand
side in consequence of (26) express the covariant derivative with respect to the connection of A, in terms of

the covariant derivative with respect to the connection of Zn. We get

oh Sh o _ sh n h
Rijimg + Riimg = 0810,imq = O jtyjong + O (27)

ilkjmq”
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where

R

h
Ri)lk;am

h h
Rmpa- — (28)

_ _ pa Tk _ paph oh
Oitkjmg = Pijiimq PR PigR ikt~ PrgRita

o
+ Pog Rk jym ~ Lo otk jym

- P - P - P

h a a a a
aq lq kq q(j mq
We have assumed that in the right-hand side of (28) the corresponding covariant derivatives are ex-

pressed in according to (4), (7), (10), (13), (14) and (23). Hence, the tensor yi?lk],m is expressed in terms of the

unknown tensors PZ, ij, Aijk, Dijkm Rf.’jk, R?jkm, and of some tensors, which are assumed to be known.

We introduce the tensor 4;j,, defined by
Aijkm = Bijkm- (29)

Since the space A, is 3-Ricci-symmetric, it follows that the Ricci tensor R; j satisfies the condition (25).
Contracting the equations (27) for h and k, because of (25) we get

(7’1 + 1)aij,lmq = i, jmgq — Mjimg = _Qza]’mq' (30)
Symmetrizing the equation (30) in the indices / and i and interchanging the indices / and j, we get

2
Ail, jmq + Ajimg = n Q(ij)almq + 1 Aijlmg- (31)

In consequence of (13), (29) and (31) the equation (30) can be written in the form

n*+n-2 1
Bijlmg = _ega]’mq - E eg'j)almq’ (32)
Obviously, in the space A, the equations (4), (13), (14), (23), (29) and (32) form a closed system of PDEs
of Cauchy type with respect to the functions P?j(x), aij(x), a;jk(X), @ijn (), R?jk(x), R?jkm (x). The functions must
satisfy the algebraic conditions (24).
Hence we have proved

Theorem 4.1. In order that a space A, with an affine connection admit an almost geodesic mappings of type 1, onto

a 3-Ricci-symmetric space A, it is necessary and sufficient that the mixed system of differential equations of Cauchy

type in covariant derivatives (4), (13), (14), (23), (29), (32) and (24) have a solution with respect to the unknown
funCtiOﬂS PZ(x)/ aij(x)r aijk(x)/ Aijkm (X), R?jk(x)/ R?jkm(x)'

The general solution of the mixed system of Cauchy type (4), (13), (14), (23), (29), (32) and (24) depends
on no more than 3n(n + 1)* + 1n?(n + 1)(n* — 1) essential parameters.

5. Canonical almost geodesic mappings of the first type of spaces with affine connections onto m-Ricci-
symmetric spaces

A space Zn with an affine connection is called m-Ricci-symmetric if its Ricci tensor satisfies the condition

Ri])‘pq P2eP — 0. o

Of course 2-Ricci-symmetric spaces and 3-Ricci-symmetric spaces are special cases of m-Ricci-symmetric
spaces.

Let us consider the canonical almost geodesic mappings of type m; of spaces A, with affine connections
onto m-Ricci-symmetric spaces A, (m > 3), which are determined by the equations (4). Exploring the
conditions of integrability of (4), we obtain the equations (11) and (23).
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Let us differentiate the equations (11) covariantly with respect to the connection of A, (m — 2) times and
in the left-hand side in consequence of (1) express the covariant derivative with respect to the connection

of A, in terms of the covariant derivative with respect to the connection of A,,. We get

Rh

Sh _ <h _ <h h
Ritkippnpm T Rostksipn..pm = Oi@01000p2--pu ~ Oi@p100kpaep + it 0,1 (34)

Taking into account (1), (4), (14) and (23), it is readily shown that the tensor QZkPl pp depends on the

oo 3y g Th Tk :
unknown tensors Pl,],, Aijy Aijipr s Bijprpar + + r Bijp1paeepmars Rl.jk, Rjjkm, and on some tensors, which are assumed to
be known.
Contracting (34) for h and k, because of (33) we get

— a
(71 + 1)aip1,lpz..4pm ~ Ailp1p3ecpm — Hprjipaepm = Qilampz.--pm' (35)

Symmetrizing the equation (35) in the indices / and i and interchanging the indices / and pi, we get

1
Ail,prpa.cpm T lpripacpm = " Q(ipl)alpz...pm + n Aipy lps...pm* (36)
From the equation (35) in consequence of (36) we have
2
n“+n-2 1
: =-Q¢ R—— ) )4
n Aipy lpy...om Qzlaplpz...pm n Q(Lp])alpz...p,,,' (37)
We introduce the tensors aii, ,p,, - - -» @ilp;p,...p,.; defined by
Ailp1ps, p3 = Qilpipapsr -+ 1 Qilp1paps.pmr, pu-1 — Filp1p203.-Pm—2Pm-1" (38)
Writing the equation (37) in consequence of (38), we obtain
2
n“+n-2 1
. — _ o I a
Aiprlpa--pntipm = Qilaplpz...pm-wm n Q(ipl)alpz-..pm-lpm' (39)
i i hoa . . y Rh Tk
The right-hand side of (39) depends on the unknown tensors Pi],, Qijy Bijoys ijprpas + + +r Bijp1prpmets Rijk, Rl.jkm.

Obviously, in the space A, the equations (4), (13), (14), (23), (29), (38), (39) form a closed system of PDEs
—h —h
of Cauchy type with respect to the functions Pi.’].(x), ai{(X), @ijp, (X), Bijp,p,(X), - - s Aijpypy.ccprs (%), Rijk(x), Ri]»km(x).

The functions must satisfy the algebraic conditions (24).
Hence we have proved

Theorem 5.1. In order that a space A, with an affine connection admit an almost geodesic mappings of type 11 onto

a m-Ricci-symmetric space A, it is necessary and sufficient that the mixed system of differential equations of Cauchy
type in covariant derivatives (4), (13), (14), (23), (29), (38), (39) and (24) have a solution with respect to the unknown

. —h —h
functzons PZ(X)/ aij(x)/ Aijpy (.X'), Aijp1pa (.X), - Aijp1ps...pmat (.X), Rijk(x)/ Rijkm(x)'

Of course in the Theorem 5.1 we have assumed that m > 3, since other cases had been considered above.
The general solution of the mixed system of Cauchy type (4), (13), (14), (23), (29), (38), (39) and (24)
depends on no more than §n(n + 1)(1 +2n +n? + n® + ...+ n™") + 3n*(n + 1)(n® — 1) essential parameters.
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