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1. Introduction

In 1865, Beltrami considered a special case of geodesic mappings, namely, geodesic
mappings of spaces with constant curvature, and in 1869, Dini posed a more general
problem of the existence of possible geodesic mappings between surfaces. Later, Levi—
Civita [1] studied geodesic mappings between Riemannian spaces and derived the basic
equations for the mappings. We note the remarkable fact that this problem is related to the
study of equations for the dynamics of mechanical systems. Finally, Weyl [2] obtained these
Levi—Civita equations for geodesic mappings between spaces with an affine connection.

The theory of geodesic mappings was developed by Weyl [2], T. Thomas [3], ]. Thomas [4],
Eisenhart [5], Shirokov [6], Solodovnikov [7], Petrov [8], Sinyukov [9], Aminova [10],
Mikes et al. [11-13], Stankovié¢, Velimirovi¢ et al. [14,15], and others.

Sinyukov [16] started to study geodesic mappings of symmetric and recurrent spaces
onto (pseudo-)Riemannian spaces. He proved that for non-trivial geodesic mappings, these
spaces are only projective Euclidean. An analogical result was obtained by Fomin [17]
for the geodesic mapping of infinite dimensional symmetric Riemannian spaces, and
Hinterleitner and Mikes [18] for the geodesic mapping of generalized recurrent spaces onto
Weyl spaces.

Later, these results were generalized by Mikes [19-21] and Sobchuk [22,23] for m-
symmetric, m-recurrent, and also 1-, 2-, and m-Ricci-symmetric spaces. The above-mentioned
results are in local form. The global results for these spaces were obtained in many papers—
for example, by Sinyukova [24], Stepanov [25], and Mike$ [11-13,26-28].

We note that the Ricci tensor plays an important role in Einstein’s fundamental equa-
tions of the general theory of relativity (Petrov [8]). In the m-symmetric and m-recurrent
spaces, the gravitational waves (Kaigorodov [29,30]) arise. These spaces are characterized
by high-order differential equations with components of the Ricci tensor. Their solution is
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often periodical and it creates the conditions for the formation of gravitational waves. The
questions about symmetry and projective structures were studied by Hall [31].

For the geodesic mappings of spaces with affine connections onto generalized Ricci-
symmetric spaces, there exist non-trivial results (i.e., the spaces are not projective Euclidean).
In this case, the solutions are obtained as a closed system of partial differential equations
(PDEs) of the Cauchy type in the covariant derivatives; see Berezovski et al. [32-34].

Many other geometric results have been formulated in the form of Cauchy-type
PDEs, such as isometric, conformal, projective and holomorphically projective motions,
mappings and deformations, see [8-13], and also, for example, for almost-geodesic and
rotary mappings [35,36].

Finally, we note that even for geodesic mappings between Riemannian spaces, equa-
tions of the Cauchy type cannot always be found due to the insufficient differentiability of
metrics. In this case, geodesic mappings preserve geodesics bifurcations, for example [37-
39]. On the other hand, it was found that the differentiability of metrics is maintained in
geodesic mappings [40,41].

The paper is devoted to the study of geodesic mappings of spaces with affine connec-
tions onto generalized 2-, 3-, and m-Ricci-symmetric spaces with affine connections. The
main equations for the mappings were obtained as closed systems of partial differential
equations of the Cauchy type in a covariant derivative.

We assume that all geometric objects under consideration are not only continuous but
also sufficiently smooth.

2. Generalized m-Ricci-Symmetric Spaces

Let A, be an n-dimensional space with an affine connection V. Ricci-symmetric spaces
Ay are defined by the equation:
ViR;j =0

and they are a generalization of locally symmetric Riemannian spaces in the sense of E.
Cartan, for which the equation VlRZ‘k = 0 holds, where R?jk and RZ-]- are components of
the Riemann and Ricci tensors, respectively. In 1925, P.A. Shirokov proved that any Ricci-
symmetric Riemannian space is locally a direct product of Einstein manifolds; see [6]. This
structural theorem was extended to submanifolds of Euclidean spaces; see [42].

A generalization of Ricci-symmetric spaces A; are manifolds whose Ricci tensor
satisfies the Codazzi equation

Vle']' = ijik‘

It is known (see [43]) that these equations are valid for the symmetric Ricci tensor of
the projective Euclidean space A;,. Riemannian manifolds with such a Ricci tensor were
studied by A. Gray and other geometers under the name of B-spaces (see [44], pp. 436—440).

The papers [29,30] defined 2-symmetric spaces of general relativity as four-dimensional
pseudo-Riemannian spaces with the metric signature (— + ++), for which the equation
ViV RZ‘k = 0 holds. This allows us to conclude that 2-symmetric spaces are 2-Ricci sym-
metric spaces, which are characterized by the equation

V]VmRij =0.

In the papers [29,30], there was found a connection between the equation V; VmR?].k =
0 and the existence of gravitational plane waves. It was also stated in [29,30] that there are
2-symmetric spaces V; different from the locally symmetric spaces.

In [29,30], a generalization of 2-symmetric spaces in the form of semi-symmetric spaces
was proposed, i.e., such (pseudo-)Riemannian spaces V;;, for which the following equal-
ity holds:

ViVuRly = Vi ViRl
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Vi, Vi,V

ViRij =V, Vi, -V
=V ViV, ViR =V Vi Vi, (ViR = =V Vi, -V ViR,

These equations can also be written as R(X,Y) - R = 0 for the curvature tensor R and
any vector fields X and Y on A;. Such spaces were studied by N.S. Sinyukov [9] and were
called semi-symmetric.

Obviously, the above equations imply the equation:

ViVuRij = ViV Ry,

These equations can be written in the form R(X,Y) - Ric = 0 for the Ricci tensor Ric
and any vector fields X and Y on V,. This allows us to conclude that semi-symmetric
spaces are Ricci semi-symmetric spaces. This form appears in many papers on Riemannian
differential geometry (see [45-50]).

The papers [29,30] also gave the definition of m-symmetric (pseudo-)Riemannian mani-
folds V;,, for which the equation

h
is satisfied. Analogically, these spaces are m-Ricci-symmetric ones which satisfy the condition
Vllvlz s vlmRij =0.

A formal generalization of this class of spaces is generalized m-Ricci-symmetric spaces,
which are characterized by the condition

V[l Vlz cee VZHHI (VkR,'j + V]'R,'k) =0.

If, in a generalized m-Ricci-symmetric space A;, the Ricci tensor is symmetric (i.e.,
Ay is equiaffine, including (pseudo-)Riemannian; see [9-13,43]), then this space is m-
Ricci-symmetric. Moreover, the more general statement is true: if, in a generalized m-
Ricci-symmetric space, the tensor ViV, - - -V R;j is symmetric respective to the indices i and j,
then this space is also m-Ricci-symmetric. To prove this statement, we have to calculate the
following:

ViR ==V V-V ViR ==V V),V ViRyj =

1 m—1

Comparig the first and the last formulas, we obtain: V;, V;, ---V; V| R;; =0.
In general case, it does not have to be true in the spaces with affine connections. The
concept of generalized Ricci-symmetric spaces was first introduced by Berezovski et al. [33-35].

3. Basic Concepts of the Theory of Geodesic Mappings of Spaces with
Affine Connections

Let us suppose that a space A, with an affine connection admits a one-to-one dif-
ferentiable mapping f onto another space A, with an affine connection, and the inverse
mapping is differentiable too. Locally, the spaces are referred to as a common coordinate
system x = (x,x2,...,x").

Assume the deformation tensor of the respective mapping f has the form

Pli(x) = Tjj(x) — T}j(x), 1)

where FZ (x) and ff;- (x) are components of affine connections without torsion of the spaces
A, and A, respectively.

A diffeomorphism f : A, — Ay is called a geodesic mapping if any geodesic on Ay, is
mapped under f onto a geodesic on A,,.

It is known [1-13,43] that in order for a mapping f of a space with an affine connection
Ay onto another space with an affine connection A, to be geodesic, it is necessary and
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sufficient that in a common coordinate system the deformation tensor can be represented
in the form

Pii(x) = ;(x)3] + pj(x)}, )

where 55’ is the Kronecker delta and ¢; is a covector. A geodesic mapping is called non-trivial
if ; # 0. If ; = 0, then f is a trivial geodesic of an affine.

Itis obvious that any space A, with an affine connection admits a (non-trivial) geodesic
mapping onto a space A, with an affine connection. In a given space, we can arbitrarily
choose a covector field i, and with the help of Formula (2), there is the space A,—which is
geodesicaly equivalent to the space A,. We note that if A, and A, are equiaffine spaces
(i-e., the Ricci tensors of A, and A, are symmetric; see [11-13,43]), then 1; is gradient-like
vector field. This is true when, for example, A, and A, are (pseudo-)Riemannian.

Sinyukov opened the class of problems when the given space admits geodesic map-
pings onto other spaces. He [16] proved that equaffine symmetric and recurrent spaces
do not admit non-trivial geodesic mappings onto (pseudo-)Riemannian spaces with non-
constant curvatures. Mike$ [18-21] proved a very similar problem for equiaffine m-recurrent
and also (Ricci) m-symmetric spaces; see Sinyukov [9] and Mikes$ et al. [11-13,18-21]. In
these cases, 1; = 0.

Obviously, the right-hand side of Formula (2) depends on 7 arbitrary functions, which
are generally arbitrary. In the case of the natural requirements for spaces A, and A, the
fundamental conditions of geodesic mappings in the form of a closed system of differ-
ential equations of the Cauchy type were found in the covariant derivatives. For these
systems, there exist regular solution methods; see [11-13]. A natural question is: Under
what conditions can the main equations for the mappings be obtained such a system?

Sinyukov (see [9-13]) proved that the main equations for geodesic mappings between
(pseudo-)Riemannian spaces V,, and V,, are equivalent to some linear system of differential
equations of the Cauchy type in covariant derivatives.

A similar result was obtained by Mike§ and Berezovski [51] for geodesic mappings of
equiaffine spaces A, onto (pseudo-)Riemannian spaces V,,. This result holds not only for
equiaffine spaces but also for general ones. It follows from the fact that .M. Thomas [4]
proved that any space with an affine connection is projectively equivalent to an equiaffine
space. This solves the problem of the projective metrizability of spaces A,.

Interesting assumptions for spaces admitting geodesic and almost geodesic mappings
are found in [32-35]. Our work presents even more general assumptions that lead to the
fundamental equations of geodesic mappings having the Cauchy form.

It is known [9,12,13] that in a common coordinate system x, respective to the mapping,
the components of the Riemannian tensors R?jk and R?jk of spaces with affine connections

A, and A,, respectively, are in the relation

S h h h i I
Rije = Ry + Py j — Py + PPy, — PPy, ®3)

1

“" o

where the comma “,” denotes the covariant derivative with respect to the connection of
the A,,.
On the basis of Forumals (2) and (3), we have

Rl = Rije = 0/ + 64, j — 01 i + 61 i, + 0] itpic — S iy @)
Contracting Formula (4) for & and k, we obtain
Rij = Rij + npij — Py + (1 — n) iy, )

where Rjj and R,-]- are the Ricci tensors of the spaces with affine connections A, and A,
respectively.
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From Formula (5), we obtain
2
Yij =137 [nRj + Rji — (nRi; + Rji)] + ¢i. (6)
Since
R _ R I RE, — %Rl — T4 R, — T2 RE
ijkim = g ym + Lina ijk ajk ek mkNijos
from Formula (1), we have
i -
Rijk;m Rz]km + Ping g‘k - Ra]k Rlak Plkaz]tx @)

From now on, the semicolon “;” denotes the covariant derivative with respect to the
connection of the space A,.
Contracting Formula (7) for & and k, we obtain

Rijm = Rijm — PpiRaj — PpiRia ®)
Symmetrizing Formula (8) in the indices i and m, we obtain
Rij;m + ij;i = Rij,m + ij,i - zpzliRrxj - P%]'Ritx - Pl?]"Rmzx- (9)

Recalling that in the case of geodesic mappings of affinely connected spaces A, — A,
the deformation tensor Pilj» is expressed by Formula (2), from Formula (9), we obtain

Rijm + Rujii = Rijm + Ruji — 3¢PmRij — 39iRinj — j(Rim + Rini).- (10)
4. Geodesic Mappings of Spaces with Affine Connections onto Generalized
2-Ricci-Symmetric Spaces
A space A, with an affine connection is called generalized Ricci-symmetric if the Ricci
tensor R;; for the space satisfies the conditions

Rij;k + Rkj;i =0.

A space A, with an affine connection is called generalized 2-Ricci-symmetric if its Ricci
tensor Rij satisfies the conditions

Rijkm + Rijsim = 0. (11)

Obviously, generalized Ricci-symmetric spaces are generalized 2-Ricci-symmetric

spaces. By means of Formula (1), we have
(le,]) - Rzm ;ik + szmjplk + Rzzx]P + Rzm ;0 ]k/ (12)
Rijk = Rijk — RiaPji — Ry

By covariant differentiation for Formula (10), with respect to the connection of the
space A, expressing the left-hand side of Formula (12) and taking account of Formula (2),
we find

Rijamk + Rijiik = Rijmk + Ronj ik — 3¢mkRij — 3¢ kRynj — lek(Rim + Ryi)

- (3Rij,k + Rik,j + Rki,j)l/)m - (3Rm] Kkt ka] + Rmk])lpz - ( im,k + Ry k)lp]
—3(Rim,j + Ryni,j) Wi + 8(Rim + R +4(Rjm + Rynj) pithic + 4(Ryj + Rji) Yrtpm
+3 (R + Rim) Witpj + 2(Ryj + Rj) Witpm + 3(Rix + Rii) -

(13)



Mathematics 2022, 10, 2165 6 of 12

By means of Formula (6), Formula (13) is expressible in the form

Rijymk + Ryjiik = Rijmk + Runjix — (3Rijx + Rixj + Ryirj) Pm

_ _ ) i " - i (14)
—(BRyjk + Rigm,j + Ryt j) Wi — 2( Rk + Rini) ¥ — 3(Rim,j + Riij) W — Tijks
where .
Tijmk =3 le_l (”Rmk + ka - (ank + ka)) + lelPk} Rij
+3 {nz — (nRix + Ry — (nRix + Ry;) ) + Qbilpk} Rypj
(15)

1 _ _ _ _
+ {( 77 (MR + Rij — (nRji + Ryg) ) + 1/’j¢k] (Rim + Ryui)
—8(Rim + Ryi) Y — 4(Rjm + Rynj) ¥itpe — 4(Rij + Rji) Yrtpm
—3(Ryuk + Riem) it — 2(Ryj + Ri) ¥ipm — 3(Rix + Rii) jm.

Let us assume that the space A, is generalized 2-Ricci-symmetric. Then, the Ricci
tensor R;; of the space A, satisfies the conditions of Formula (11).
By means of Formula (11), it follows from Formula (14) that
Rijmk + Rujik = BRijx + Rixj + Riij) wm + (3Ryjk + Rigm,j + Ryuk ) i 6
+2(Rimk + Ryiye) Wi +3(Rim,j + Roni j) 0 + Tijmk-

Let us alternate Formula (16) with respect to the indices i and k. Because of the Ricci
identity, we obtain
Rijmk — Rijmi = RujRiygi + RmaRjj; +3(Rijx — Reji) m

_ _ _ _ _ . (17)
2 (Rim i + Runip — Riomi = Runi) 5 + 3Roj i — 3Ryujithk + Tijuuk — Tkjumi-

By means of the Ricci identity and the properties of a curvature tensor, Formula (13) is
expressible in the form
Rijpom — Rijim = 2R iRy + RiaRjjeyy + Ria Ry + RinaRfjg + 3(Rijr — Riji) Ym

_ _ _ _ _ . (18)
+2(Rimj + Ruig — Rim,i — Rk Wi + 3Rpuj i — 3Ronj,ithk + Tijonk — Tijmi-

Let us interchange k and m in Formula (18). Then, adding it to Formula (16), we have
ZRij,mk ZZR“]‘R%mi + RilX ;Ckm + RmrXR?Cki + RkaR;(mi
+ (3Ryjx — 3Ryj,i + Rij + Rij) ¥m + (3Rpmjk + 3Rejm + Riam,j + Rouk ) i
+ 2(Rimx + Ruik + Rigm + Reim — Rinki — Rim,i) ¥
+ 3(Rim,j + Runij + Rijm — Runj i) ¥k + Tijmk + Tijkom — Tnji-

(19)

Let us introduce the tensor Ri]-k, defined by

Rij = Rijk- (20)
By means of Formula (20), Formula (19) is expressible in the form

2Rijm,k :ZR,X]'R;:mi + RiaR;(km + RmﬂR;‘ki + Rkth
+ (3Rijk — 3Ryji + Rixj + Ruij) ¥m + (3Rujic + 3Rejm + Rimj + Rokj) ¢
+ 2(Rimk + Ryik + Rigm + Riim — Rynki — Riomi) ¥
+ 3(Rimj + Rumij + Rijm — Ruji) W + Tijunk + Tijkem — Tonjii-

a .
jmi

(21)



Mathematics 2022, 10, 2165

7 of 12

In the following, we have assumed that space A, with an affine connection is given.
Then, taking account of the structure of the tensor Tjjx, which was determined by For-
mula (15), we see that the right-hand side of Equation (20) depends on unknown tensors
1/’1/ ijr Nijk-

(])bv1]ously, in the space A;, Equations (6), (20), and (21) form a closed system of PDEs
of the Cauchy type with respect to the functions i;(x), R;;(x), and Ryj(x).

We have proved the following theorem:

Theorem 1. In order for a space A, with an affine connection to admit geodesic mapping onto a
generalized 2-Ricci-symmetric space Ay, it is necessary and sufficient that the system of differential
equations of the Cauchy type in the covariant derivatives of Formulas (6), (20), and (21) has a
solution with respect to the unknown functions ;(x), Rjj(x), Rji(x).

By the elementary sum of unknown function, we make sure that the following holds:

Consequence. The general solution of the mixed system of the Cauchy type includ-

ing Formulas (6), (20), and (21) depends on no more than n + % (n? + n®) essential
parameters.

5. Geodesic Mappings of Spaces with Affine Connections onto Generalized
3-Ricci-Symmetric Spaces

A space A, with an affine connection is called generalized 3-Ricci-symmetric if the Ricci
tensor R;; for the space satisfies the conditions

Rijgemt + Rejiimi = O. (22)

Obviously, generalized 2-Ricci-symmetric spaces are generalized 3-Ricci-symmetric
spaces.

Observe that Formulas (6) and (14) were obtained for the general case of geodesic
mappings of spaces with affine connections.

Firstly, because of Formula (1), we obtain
Rijmk = Rijmk = Ria kPiyy — RiaPy i — RajiPiyy — RajP,

imk

s X X P
PikRocj;m - ijRia;m - PmkRij;ar

(Rij;mk),l = Rij;mkl + PlRuc] amk + P%Rizx;mk + Py 1R1] ak T Pkle] e

From these equations, taking account of Formulas (2) and (12), we find

Rijmk = Qijmks

) ) (23)
(Rijmk) ; = Rijomit + 491 Qjomkc + $iQujmic + 9 itk + P Qi + PxQijont,

where

Qijuk = Rijmk — $jRimk — 3PmRijx — $iRimjx — YiRijm — 3PkRijm — $jRigm
F4PrpiRynj + 39ipmRe; + it (Rem + Ruk) + 8PrypmBRy; - (24)
+4riRim + 3Pm i Rix — 24 kRij — ¥k Rim — Yi xR

Let us assume that in Formula (24), the covariant derivatives of the vector ¢; with
respect to the connection of the space A, are expressed according to Formula (6).

Let us covariantly differentiate Formula (14) with respect to the connection of the
space A;. Then, using Formula (23), expressing, on the left-hand side, the third covariant
derivatives of R;; with respect to the connection of A, in terms of the third covariant
derivatives with respect to the connection of the space A, and transforming the formula,
we obtain

Rijomki + Rujiiet = Rijmkt + Runjirr — Qijmkt,s (25)
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where _ _ _ _ ~ _
Qijmkr = (BRijp1 + Rikji + Reiji) Pm + (3Rijx + Rigj + R )

+ (BRmjit + Rimji + Runji) Wi + BRjk + Riem,j + Rk ) i
+2(Rimgt + Ryij) ¥ + 2(Rig ke + Rni) 1 + 3 (Rim ji + Ry jt) i
+3(Rim,j + Runi j) W1 + Tijmk, s + 491 (Qjink + Qjik)

F; (i + Qujik) + ¥ ( itk + Qi)

P (i + Qi) + Ok (Uijomt + Qpit) -

Again, assume that in Formula (26) the covariant derivatives of the vector ¢; with
respect to the connection of the space A, are expressed according to Formula (6).

Suppose that the space Ay is generalized 3-Ricci-symmetric. Then, the Ricci tensor R;;
of the space A, satisfies the conditions Formula (22).

Taking account of Formula (22), from Formula (25), it follows that

(26)

Rij it + Rnj,ikt = Qijmkt- (27)

Alternating Formula (27) with respect to the indices i and k, and taking account of the
Ricci identity, we obtain

Rijmkt = Rigjmit = Qijmit — Qjmit + Raj 1 Ry + RajRougi ) + R 1R + RmaRjpi - (28)

Because of the Ricci identity and the properties of a curvature tensor, Formula (28) is
expressible in the form

Rijjomt — Rijimt = Qijmkt — Qjmit + 2Rj 1 Ry + 2RajRiyi s + Rio 1 Riey

—I—RmR;‘km,, + I_{ka,lR?‘mi + szxR?(mi,l + Rma,lR}?‘ki + RmaR?ki,l- @)
Interchanging k and m in Formula (29) and adding it to Formula (27), we have
2Rij ki = Qijmkt + Qijiomt — Qumjkit + 2R i R + 2RajRiyi ) + Riog 1 Ry (30)
+RiaRfyuk + Rina i Rj; + RmaRifgi ) + Ria iR pi + RiaRipi -
Let us introduce the tensor Ri]'km defined by
Rijk,m = Rijkm- (31)
By means of Formulas (20) and (31), Formula (30) may be written in the form
2Rijmici = Qijmkt + Qijiomt — Qumjkit + 2RajiRiyyi + 2RajRigi ) + Riat Rip )

+Ria Ry s + Rinat Rigi + Rima Ry ) + Rear R + Riea R -

In the following, we have assumed that a space A, with affine connection is given.
Then, the right-hand side of Formula (31) depends on ¢;, R;j, R;jx, and Rjjx-

Obviously, in the space A, Formulas (6), (20), (31), and (32) form a closed system
of differential equations of the Cauchy type in covariant derivatives with respect to the
functions ;(x), R;j(x), Rijk(x), and Rjjppy (x).

We obtain the following theorem:

Theorem 2. In order for a space A, with an affine connection to admit a geodesic mapping onto a
generalized 3-Ricci-symmetric space A,, it is necessary and sufficient that the system of differential
equations of the Cauchy type in covariant derivatives of Formulas (6), (20), (31), and (32) has a
solution with respect to the unknown functions ;(x), Rjj(x), Rijk(x), and Rijxy (x).
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Consequence . The general solution of the mixed system of the Cauchy type including

Formulas (6), (20), (31), and (32) depends on no more than # + %(n2 + n*) essential
parameters.

6. Geodesic Mappings of Spaces with Affine Connections onto Generalized
m-Ricci-Symmetric Spaces

A space A, with an affine connection is called generalized m-Ricci-symmetric if the Ricci
tensor R;; for the space satisfies the condition

Rijiorp5.-m + Rovjiips-.om = 0. (33)

Itis obvious that generalized 2-Ricci-symmetric spaces and generalized 3-Ricci-symmetric
spaces are special cases of generalized m-Ricci-symmetric spaces with m =2 and m = 3,
respectively.

Let us covariantly differentiate (m — 3) times Formula (26) with respect to the connec-
tion of the space A;. Then, expressing, in the left-hand side, the covariant derivatives with
respect to the connection of the space A, in terms of the covariant derivatives with respect
to the connection of the space Ay, using the formula (Kaigorodov [29,30])

R

R — .. o R .
<RijFP1---PT72PT—1),pT = Rijip,.pr2pc1pr TP, iP-rR"‘]?Pl---P‘erPT—l

L L o . o R..
+ PjPr Rm;pl...pT,sz,l + PPlPT Rl];“mprfzpfq + + PPT71PTR1]?P1-~PFZDC'

Transforming the left-hand side of Formula (33), we obtain

Rij}PlPZ---Pm + RPlj/'iPZ---Pm = Rij/PlPZ---Pm + RPl]'/ipz---{Jm - QijPle---Pm' (34)

where the tensor Qjjp 0, .p,, ijorrand Rijpo,,.. e,
Rijp1pz...0m_1- Observe that the tensor also depends on the known tensors, which are defined
in the space A;,.

Suppose that the space A, is generalized m-Ricci-symmetric. Then, the Ricci tensor
R; j of the space A, satisfies the conditions of Formula (33).

By means of Formula (33), Formula (34) may be written in the form

depends on unknown tensors ;, RZ-, R

Rijp10203..0m T Rorjioaps..om = Qijorpaps...oms (35)

Alternating Formula (35) with respect to the indices i and p,, taking account of the
Ricci identity, we have

1

RiijlP2P3---Pm - RPZj/PliPB---Pm :Qijplpzps---pm' (36)

where

1
Q)

@

g — 0. — . —_(R..R™ . R :
1010203 ++Pm QUPleP3~-~Pm QPz]PﬂP3-~Pm (RDCJRpﬂPz + RPl“lepz),p3...pm‘

By means of the Ricci identity, Formula (36) is expressible in the form

_ _ 2
Rijpoprps.0m = Rosjiprps...om = Yijorpaps...omr (37)
where
2 1 D 14 D o ) 14
Qijprpaps...om=ijprpaps..om + (R‘XjRPlPZi + RiaRjp,p, + RosaRjp ),pa---pm'
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Interchanging p; and p; in Formula (37) and adding it to Formula (37), we have

3
2Rij,010005.0m = ijo10203.-0m (38)

where

3 2
Q =Q + Qijoro103...0m -

ij010203---0m ij010203---0m

3
Taking account of the structure of the tensor (s, p,05..0,,, We see that the right-

hand side of Formula (38) depends on unknown tensors ¢;, Rij, Rijp,, Rij e, Rijpippr -« s

Rijp1ps..0m_1- The tensor also depends on the known tensors, which are defined in the space

h , defined by

. 5 ph
A,. Let us introduce the tensors leplpzps" . Ri]'PIPZPZi---meZPm—l

ph _ ph
RijPlPZ/P3 - Rijplpzps'
........... (39)
R =Rl
1jP102P3-Pm—2/Pm—1 1010203 -+-Pm—20m—1"
Because of Formulas (20), (31) and (39), Formula (38) is expressible in the form
_ 3
2Rijo100030m1.0m = ijo10203--pm_10m (40)

vyhere the tensor 5ijp1 0203--pm_10m d€PENdS ON unknown tensors y;, Ri]-, Rijplr Rijoippr -
Rijp1p...0m1pm_1- @nd also it depends on the known tensors, which are defined in the space
Ay

Let us assume that a space A, with affine connection is given. Then, in the space A;,
the Equations (6), (20), (31), (39) and (40) form a closed system of differential equations of

Cauchy type in covariant derivatives with respect to the functions 9;(x), R;j(x), Rijp, (x),

Rijprpo (X); - - Rijorpy...pm 201 (%)-
We obtain the following theorem.

Theorem 3. In order that space A, with affine connection admits geodesic mapping onto a gen-
eralized m-Ricci-symmetric space Ay, it is necessary and sufficient that the system of differential
equations of Cauchy type in covariant derivatives (6), (20), (31), (39) and (40) has a solution with
respect to the unknown functions p;(x), Rij(x), Rijo, (X), Rijoy0,(X), -+ s Rijoy g 201 (X)-

Consequence. The general solution of the mixed system of the Cauchy type including
Formulas (6), (20), (31), (39), and (40) depends on no more than n + % (n? + nm+1)
essential parameters.

7. Conclusions

In this paper, we study geodesic mappings of spaces with affine connections onto
generalized m-Ricci-symmetric spaces. For these cases, we obtain fundamental equations in
the form of the system of differential equations of the Cauchy type in covariant derivatives;
the general solutions depend on the real parameters.
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