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Abstract: In the paper, we consider geodesic mappings of spaces with an affine connections onto
generalized symmetric and Ricci-symmetric spaces. In particular, we studied in detail geodesic
mappings of spaces with an affine connections onto 2-, 3-, and m- (Ricci-) symmetric spaces.
These spaces play an important role in the General Theory of Relativity. The main results we obtained
were generalized to a case of geodesic mappings of spaces with an affine connection onto (Ricci-)
symmetric spaces. The main equations of the mappings were obtained as closed mixed systems of
PDEs of the Cauchy type in covariant form. For the systems, we have found the maximum number
of essential parameters which the solutions depend on. Any m- (Ricci-) symmetric spaces (m > 1)
are geodesically mapped onto many spaces with an affine connection. We can call these spaces
projectivelly m- (Ricci-) symmetric spaces and for them there exist above-mentioned nontrivial solutions.

Keywords: geodesic mapping; space with an affine connection; m-symmetric space; m-Ricci-symmetric
space
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1. Introduction

The paper is devoted to further study of the theory of geodesic mappings of affinely connected
spaces. The theory goes back to the paper [1] by T. Levi-Civita in which the problem on the search
for Riemannian spaces with common geodesics was stated and solved in a special coordinate system.
We note the remarkable fact that this problem is related to the study of equations of dynamics of
mechanical systems.

The theory of geodesic mappings was developed by T.Y.Thomas, ].M.Thomas, H. Weyl,
P.A. Shirokov, A.S. Solodovnikov, N.S. Sinyukov, A.V. Aminova, J. Mikes, and others [2-17].

The spaces with covariantly constant curvature tensor (symmetric spaces) were considered in 1920
by P.A. Shirokov [5], E. Cartan [18], and A. Lichnerowicz [19], and with covariantly parallel curvature
tensor (recurrent spaces) [20]. The study of symmetric and recurrent spaces is an extensive part of
differential geometry and its applications.
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It is well-known that the spaces of constant curvature are symmetric and for them E. Beltrami
proved that they admit nontrivial geodesic mappings. In 1954, N.S. Sinyukov [7] began to study
geodesic mappings of symmetric, recurrent, and semisymmetric spaces with equiaffine connection
onto (pseudo-) Riemannian spaces. Continuation of these studies we can find in the works [21-25],
V.Fomin [26], . Hinterleitner, and ]. Mike$ [27]. The above-mentioned results have a negative character
in the sense that the space of non-constant curvature does not admit nontrivial geodesic mappings.
T. Sakaguchi [28] and V. Domasheyv, J. Mikes [29] studied similar tasks for holomorphically projective
mappings. In the paper by V.Berezovski et al. [30], it is possible to find the generalized case of geodesic
mappings of symmetric spaces.

Later, there were studied more generalized spaces than symmetric and recurrent ones.
Generalized symmetric and recurrent spaces were comprehensively studied by V.R. Kaigorodov [31-36]
from the point of view of the General Theory of Relativity. The paper [35] is a detailed analysis of this
issue; it contains 97 citations. In another direction, symmetric spaces are generalized, for example,
in works [37,38].

For geodesic mappings of generalized symmetric and recurrent spaces, such problems were
solved by J. Mikes, V.S. Sobchuk, and others [21-27,38-48]. There are many works devoted to issues of
the theory of geodesic mappings, for example [49-58].

The above-mentioned results with proofs are in the works [12,13,15,17].

In our work, we continue the study of geodesic mappings of generalized symmetric spaces with
an affine connection.

We suppose that all spaces under consideration are spaces with an affine connections without
torsion. In addition, we assume that all geometric objects under consideration are not only continuous
but also sufficiently smooth.

2. Basic Concepts of the Theory of Geodesic Mappings of Spaces with Affine Connections

A diffeomorphism between two spaces with an affine connections is an one-to-one differentiable
mapping, and the inverse mapping is differentiable too. Among diffeomophisms, there are very
important ones which are referred to as geodesic mappings.

Let us suppose that a space A, with an affine connection V admits a diffeomorphism f onto
another space A, with an affine connection V and locally the spaces are referred to a common
coordinate system x, x = (x!,x?,...,x™).

Assume P = V — V and a in local coordinate system

Pli(x) = Ti(x) — T}i(x), 1)

where l"f’].(x) and T Z(x) are components of affine connections V and V of the spaces A, and A,
respectively, expressed with respect to the common coordinate system x. The tensor P is called a
deformation tensor of the connections V and V with respect to the mapping f.

A curve /: x = x(t) in a space A, with an affine connection V is a geodesic when its tangent vector
A(t) = dx(t)/dt satisfies the equations

ViA = p(t) A,

where V; denotes the covariant derivative along ¢ and p(t) is some function.

A diffeomorphism f: A, — Ay is an geodesic mapping if any geodesic of A, is mapped under
f onto a geodesic in A,,.

The most known equations of geodesic mappings are the Levi—Civita equations. He has obtained
the equations for Riemannian spaces [1]. For the case of affinely connected spaces, the equation
was later obtained by H. Weyl [4]. In the paper [59], the authors present alternative proofs for the
Levi-Civita equation.
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It is known [1-17] that the mapping f of a space A, onto a space A, is geodesic, if and only if in a
common coordinate system x the deformation tensor has the form (the Levi-Civita equation)

Pli(x) = $i(x)8} + ;(x)d], @)

where 55‘ is the Kronecker delta and ¢; is a covector.

A geodesic mapping is called non-trivial if ¢; # 0. It is obvious that any space A, with an affine
connection admits a non-trivial geodesic mapping onto space A, with an affine connection. However,
generally speaking, the similar statement would be wrong for geodesic mappings between Riemannian
spaces. In particular, there are classes of Riemannian spaces which do not admit non-trivial geodesic
mappings onto other Riemannian spaces.

In the general case, the main equations of geodesic mappings of spaces with an affine connections
can not be reduced to closed systems of differential equations of Cauchy-type since the general
solutions depend on n arbitrary functions ;(x).

N.S. Sinyukov [8,9] proved that the main equations for geodesic mappings of (pseudo-)
Riemannian spaces are equivalent to some linear system of differential equations of Cauchy-type in
covariant derivatives.

J.Mikes$ and V. Berezovski [50] proved that the main equations for geodesic mapping of space with
an affine connection onto a (pseudo-) Riemannian space can also be reduced to a closed system of PDE’s
of Cauchy type. In the case of geodesic mappings of an equiaffine space onto a (pseudo-) Riemannian
space, the main equations are equivalent to some linear system of Cauchy-type in covariant derivatives.
This property for all spaces with an affine connection follows from the results by J.M. Thomas [3],
see [15,16] that any space with an affine connection is projectivelly equivalent to an equiaffine space.

Refs. [46—48] were devoted to geodesic mappings of spaces with an affine connections onto
Ricci-symmetric and 2-Ricci-symmetric spaces. The main equations for the mappings were also
obtained as closed systems of PDE’s of Cauchy type. A more detailed description of the theory of
partial differential equations (PDE’s) of the Cauchy type can be found in the books ([15] pp. 100-105)
and ([17] pp. 130-134).

It is known [7,12-17] that, in a common coordinate system x, respective to the mapping,
the components of the Riemannian tensors R?jk and ng of spaces with an affine connections A
and A,, respectively, are in the relation

R}y = Riy + Py ; — Pit o + PPl — PEPY,. ©)

Throughout the paper, the comma denotes the covariant derivative with respect to the connection

V of the space A,. Taking account of (2), from (3), we obtain

Ry = Ry — 81 pis + 641 — 0y + 81 uj + 01 pitpy — Sy (4)
Contracting the Equation (4) for 1 and k, we get
Rij = Rij+npij— ¢y + (1—n) gy, )

where R;; and R;; are the Ricci tensors of the spaces with an affine connections A, and Ay, respectively.
From the Equation (5), it follows that

2 _ _
Yij = Yii+ g (M Rij+ Rji — (n Rjj + Rji)). (6)

In particular, Equation (6) was obtained in the papers [46—48].
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3. On m-Symmetric Spaces and Ricci m-Symmetric Spaces

As we mentioned earlier, symmetric spaces were considered in 1920 by P.A.Shirokov [5],
E.Cartan [18], and A.Lichnerowicz [19]. These spaces are characterized by covariantly constant
curvature tensor, i.e.,, VR = 0. Their generalizations are recurrent spaces studied by H.S. Ruse [20] with
covariantly parallel curvature tensor, VR = ¢ o R. The spaces were generalized in many ways.

One of the most general generalizations are generalized m-recurrent (D}'), m-recurrent (K])') and
m-symmetric (S}') spaces, which are in turn characterized by relations

V"R =QoR+ QW o VR+ Q@ o V2R + ... + Q1) o ym-1R,
V"R = QoR,
V"R =0,

where V" = V(V"1), Q(# 0), QW), ... ,Q0"D are tensors.

V.R. Kaigorodov [35] defined these spaces and studied them in detail.

The natural generalizations of these spaces are generalized m-Ricci-recurrent (RicD}'),
m-Ricci-recurrent (RicK]'), and m-Ricci-symmetric (RicS]}) spaces, which are in turn characterized
by relations

V™" Ric = Qo Ric + QW o VRic + Q®) o V2Ric + - - - + QUm=1) o ym-1Rj¢,
V™Ric = Q) o Ric,
V™Ric = 0.

Our work is devoted to the study of the m-symmetric and m-Ricci symmetric spaces. Therefore,
we present an example of four-dimensional pseudo-Riemannian m-symmetric spaces, which is not
f-symmetric, { = 1,2,...,m — 1, see ([35] p. 192):

ds? = —dx?* — dx® 4 2dxt - [da! + (pgxPxT + BpxP)dx?)], (7)
where B, are function on x* and a, are polynoms

W @ (m-1) (m)
ocpqzapq(x) + apq(x) +o b a Xt apg,

(fl)pq ({=1,2,...,m, p,q = 2,3) are constants with (le>pq £ 0.

We construct an example of 4-dimensional pseudo-Riemannian Ricci m-symmetric spaces which
is not Ricci ¢-symmetric, £ = 1,2,...,m — 1. These spaces are with the above-mentioned metric with
function B, of variable x4, apg (p-q = 2,3) are m times differentiable function of x* and wpy + ass is

the polynom
W g @ (m=1) ()
ap+osg=a ()" +a(xH)""+---+ a x*+ a,
) W
where a (¢ =1,2,...,m) are constants with a # 0.
It is easy to construct more dimensional m-symmetric and m-Ricci symmetric spaces as product

spaces of above-mentioned spaces and also trivial spaces which are e.g., spaces of constant curvature.

Recall the main results of geodesic mappings onto m-symmetric and Ricci m-symmetric spaces:

1. N.S. Sinyukov [7]: If equiaffine symmetric and recurrent spaces admit non-trivial geodesic mappings
onto (pseudo-) Riemannian spaces V,, then V,, is the space of constant curvature.

2. V.V.Fomin [26]: If symmetric and recurrent spaces with infinity dimension admit non-trivial geodesic
mappings onto (pseudo-) Riemannian spaces Vy,, then V,, is space of constant curvature.
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3. I. Hinterleitner and J. Mikes [27]: If equiaffine symmetric and recurrent spaces admit non-trivial
geodesic mappings onto (pseudo-) Weyl spaces V,,, then V,, is space of constant curvature.

4. J.Mikes [21,23]: If generalized recurrent spaces D} admit non-trivial geodesic mappings onto (pseudo-)
Riemannian spaces Vy,, then V,, is space of constant curvature.

5. J.Mikes [22]: If Ricci 2-symmetric spaces admit non-trivial geodesic mappings onto (pseudo-)
Riemannian spaces Vy, then V, is Einstein space.

6. J. Mikes, V.S.Sobchuk [39]: If Ricci 3-symmetric spaces admit non-trivial geodesic mappings onto
(pseudo-) Riemannian spaces V,,, then V, is Einstein space.

7. V.S.Sobchuk [40]: If Ricci 4-symmetric spaces admit non-trivial geodesic mappings onto (pseudo-)
Riemannian spaces Vy, then V, is Einstein space.

8. J.Mikes [23,24]: If Ricci m-symmetric spaces admit non-trivial geodesic mappings onto (pseudo-)
Riemannian spaces Vy,, then V,, is Einstein space.

A summary of these results and their proofs contain monographs [12-17].

The above results are “trivial” geodesic mappings in nature, i.e., under the above conditions,
the spaces allow only trivial geodesic mapping. On the other hand, spaces with an affine connection,
m-symmetric, and m-Ricci-symmetric spaces admit non trivial geodesic mappings onto affine
connected spaces A,. Our article is devoted to these questions.

4. Geodesic Mappings of Spaces with Affine Connections onto m-Symmetric Spaces

1. We study geodesic mappings f of a space A, with an affine connection V onto 2-symmetric
space A, with an affine connection V, which are characterized by the following condition [35]:

RE =0, 8)

ijk;mp

where the symbol “; ” denotes a covariant derivative with respect to the connection of the space A,

Since ~
aRZk Th pa P 4
Rz]k m oxm + Dna ijk — Rnc]k Ruxk r kRz]a
take into account (1), it follows that
_h -
Rijk;m Rz]k m + Pra ?;'k B Ra]k Ruxk Palejzx ©)
From Equations (2) and (9), we get
ph h ph ph h
Rlom = Rl + OnpaRey — 20m Ry — wiRY . — YiRY,, — wiR . (10)

Let us differentiate (10) with respect to x” in the space A;. Taking into account (6), we get

Sh Sh - Sh Sh Sh Sh h
(Rijim) 0 = Rijomp + OmPaRij o — 2m R o — $iRiy o — YiRijp — YiRyyiicp + Bijkmer (1)

where
Bf;kmp = o R (23 (1 Rap + Rox — (1 Rap + Rpa)) + $atfp)
—21‘{5,( (25 (1 Rup + Rom — (1 Ryup + Rom)) + $mhp)
—Rl . Gamg (Rjp + Roj — (n Ry + Ryp)) + o)
~RY, (nzl 7 (n Rip + Rpp — (11 Ryp + Rok)) + ihp)
- m,k( 7 (M Rip + Rpi — (n Rip + Ryi)) + $ithp).

From the definition of covariant derivative in consequence of (1), we find

h h
(lek m) Rz]k ;mp P z]k mt lpRlX]k m Tt ]pRmk m+ Pkpleoc m Tt PfrclpRZ]k i (12)



Mathematics 2020, 8, 1560 60f 13

Transforming (12) and taking into account (2) and (5), we get

(Rlm)o = Rlmp + Climp- (13)
where
Cka , = — 8 (Rf}km + 5,%11/;,5121],( 2¢mRSy, — PiR%, . — YkRE,, — BiRS )
+3¢p (R ijkm T S ipaRe ik 21/’7111_{?]'1{ L IPkRZ‘m Yi m]k)
i (R, + Optpa RSy — 29mBRy — iR — $kRY — o))

(14)
h h R h h ph ph
+11[]] (Ripk m T 5mll’aR§ka o 2¢mRipk B ¢PRimk B #)kRipk B lpiRmpk)
" _
+k ( 1]p mt 571111[]"‘ ijo 21PmRi]p 1‘/]] 1mp wP ijm — i m]p)
h ph
+m ( ijk,0 +9 lﬂb"‘ ijk 2¢PRijk o ll]] iok lkai]p i m]k)
Let us introduce a tensor ngm defined by
Rz;k m Rz]km (15)

In this case, we suppose that in (14) covariant derivatives of the tensor R?jk with respect to the
connection of the space A, are expressed according to (15).
From (11) and (13), we get
h P ph ph ph ph h h
Rl]k ;mp R1]k mp + O a lz?;‘k,p - 2¢mRijk,p - lijimk,p - kaijm,p - lpiijk,p + Bijkmp - Cijkmp' (16)
Let us assume that the space A, is 2-symmetric. Hence, from (16), take into account (8) and (15),
we find

h
Rz]k mp ZIIJmRz;kp + l[J] zmkp + lkaz]mp + lPlRm]kp mlptx ijko — z]kmp + Cijkmp‘ (17)

Obviously, in the space A, Equations (6) (15) and (17) form a closed mixed system of PDE’s of
Cauchy type with respect to functions 9;(x), R ]k( x) and Rka( x). The functions R?jk( x) and R} ]km( x)
must satisfy the algebraic conditions (Ricci and Bianchi identities):

RN ph ph sh
Hence, we have given the proof.

Theorem 1. A space A, with an affine connection admits a geodesic mapping onto a 2-symmetric space Ay, if
and only if the mixed system of differential equations of Cauchy type in covariant derivatives (6), (15), (17) and
(18) has a solution with respect to the functions ;(x), R?jk( x), and Rka( x).

len(X) i+t o,
Therefore, a general solution of Cauchy type system (6), (15), (17) and (18) depends on the initial
conditions of these components at some point xy. This means that the solution depends on a finite
number of essential parameters. However, from conditions (19), this number of parameters is reduced,

Obviously, the number of components of ;(x), I_{Z.k(x), R

and even more so when we take into account the integrability conditions. Estimation of the parameters
is in the following corollary.

Corollary 1. The general solution of the mixed system of Cauchy type (6), (15), (17) and (18) depends on no
more than n + 1n(n + 1) (n — 1)2 essential parameters.
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2. Now, we study geodesic mapping of space A, onto 3-symmetric space A,, which are
characterized by the following conditions [35]:

R =0. (19)

ijk;mpl —

Let us covariantly differentiate (16) with respect to x in the space A, and on the left-hand
side express the covariant derivative with respect to the connection of A, in terms of the covariant
derivative with respect to the connection of A, using the formula

_ ph h pa I
(Rz]k mp) - Ri]'k;mpl - palRijk;mp + Ra]k ;mp + ]lRuxk ;mp + Pklejoc ;mp + P llek ;00 + Rl]k me

Let tensor R". be defined by

ijkmp

R =RE (20)

ijkm,p ijkmp*

Let us assume that the space A, is 3-symmetric. Hence, from the obtained equation because
of (19), using substitutions and transformations, we find

ph _qgh
Rz’jkmp,l - eijkmpl' (21)
h . .
where 91- jkmpl 1S SOMe tensor depending on unknown tensors ;, Rl ik Rh ijkm? Rh ijkmo” and on some tensors,

which are assumed to be known.

Obviously, in the space A,, Equations (6), (15), (20) and (21) form a closed mixed system of
PDE’s of Cauchy type with respect to functions ;(x), R ]k( x), Rka( x) and Rka p( x). In addition,
the algebraic conditions (18) have to be satisfied.

Hence, we have proved

Theorem 2. A space A, with an affine connection admits a geodesic mapping onto a 3-symmetric space Ay, if
and only if the mixed system of differential equations of Cauchy type in covariant derivatives (6), (15), (20), (21)
and (18) has a solution with respect to the functions ;(x), Rf’]k( x), Rka( x) and ngmp( x).

The following parameters estimation follows from the Ricci identity of curvature tensor and its
derivatives.

Corollary 2. The general solution of the mixed system of Cauchy type (6), (15), (20), (21) and (18) depends on
no more than n + In(n® +n + 1)(n® — 1) essential parameters.

3. Finally, we study geodesic mappings of space A, onto m-symmetric space A,, which are
characterized by the following condition [35]:

R =0. (22)

ijkip102---m

Let us differentiate (21) covariantly (m — 2) times with respect to the connection of the space A,
and on the left-hand side express the covariant derivative with respect to the connection of A, in terms
of the covariant derivative with respect to the connection of A,, using the formula

h _ ph _ph Ra w RI
(lekpl Pr—207— 1)'PT - Ri]'k‘pl Pr—207-107 P “PTlek 0107207~ 1+P lPTR”‘]k?Pln-PT—ZPT—l
x P ph
+P Rmkm P1—207— 1+P kaRl]vc,pl Pr—207-1
o« h « ]
+PP1PTRl]ktX 07207~ + +PPT 1P1Rijk;p1...pT,21x'

The formula holds because of (1).
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Rh
Let us introduce a tensor Rl k010203 7 Rl.].k 010205 Pme2pm1 25 follows
ph _ Rh
Ri]'kmpz,ps - Rijkpl 203"
........ (23)
ph _  ph
RijkplpZP?)"-Pm—erm—l - Rijkplp2p3-~'.‘)7n—2pm—l )

Let us assume that the space A, is m-symmetric (m > 3). Hence, from the obtained equation
because of (22), using substitutions and transformations, taking account of (15), (20), (23), we get

_ ph
Rukpl Por20m-1om = Oijkp1.s0m1pn” (24)
. . D h
where eqkpl Pm_1pm 1S SOMeE tensor depending on unknown tensors ;, lek, lekp " Rz‘jkpl...p,,,,l'

and on some tensors, which are assumed to be known.

Obviously, in the space A, the Equations (6), (15), (20), (23), (24) form a closed mixed system of
PDE’s of Cauchy type with respect to functions ¢;(x), Zk( x), RZ‘k o (x),..., R?jk Lo (x). In addition,
the algebraic conditions (18) have to be satisfied.

Hence, we have given the proof.

Theorem 3. A space A, with an affine connection admits a geodesic mapping onto a m-symmetric space A,
if and only if the mixed system of differential equations of Cauchy type in covariant derivatives (6), (15), (18),
(20), (23) and (24) has a solution with respect to the functions p;(x), 1]k( x), R?jkpl (x),. Rzkm P (x).

Corollary 3. The general solution of the mixed system of Cauchy type (6), (15), (18), (20), (23) and (24)
depends on no more than n + n(n® —1)(1+n+ n® + - - - +n""1) essential parameters.

5. Geodesic Mappings of Spaces with Affine Connections onto m-Ricci-Symmetric Spaces

1. Here, we study geodesic mappings of space A, onto 2-Ricci-symmetric space A,, which are
characterized by the following condition:

Rijxm =0, (25)

where I_{U is the Ricci tensor of A,,.

Let us contract the Equation (16) for i and k. Because of expressions for the tensors B! ijkmp & and
h
Cijkmp’ we find
Rij;mp = Rij,mp 1] plpm + 3¢1¢ + 6lpplme1] + 3ll]] plpm l[J, (m|jl,0)
_liji(p,m) + lel/J] (mp) — ﬁ (ZRij (anp + Rpm - anp - Rmp) (26)

+ij(1’lRip + Rpi —nRjp — Rp,') + R (nij + Rpj —nRj, — Rp]')),
where (ij) denotes an operation called symmetrization without division with respect to the indices
iand j.
Let us introduce a tensor R,»jm

=

Il
EI
§.

(27)

ijm
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Let us assume that space A, is 2-symmetric. Hence, from (26), take into account (25) and (27),
we find

Rijmk = 3BRij¥m) — 3%iRm)j — 6WxPmRij — 39Y;iRicmy + YiRm)jje)
FPiRiom) — iR mi) + 25 (2Rij (1R + Rigm — 1Ry — Ry ) (28)
+Ryj(nRix + Ry — nRix — Ryi) + Ry (nRj + Ryj — nRjx — Ryj)).

Obviously, in the space A,, Equations (6), (27) and (28) form a closed system of PDE’s of Cauchy
type with respect to functions ;(x), R;j(x), and R;j(x).
Hence, we have given the proof.

Theorem 4. A space A, with an affine connection admits a geodesic mapping onto a 2-Ricci-symmetric space
A, if and only if the closed system of differential equations of Cauchy type in covariant derivatives (6), (27) and
(28) has a solution with respect to the functions p;(x), Rj(x), and Rjj(x).

Systems (6), (27) and (28) have no more than one solution for initial conditions of components
¥i(x), Rij(x), Rijx(x) at some point xg. The number of parameters of 9;(xo), R;j(xo) and R;jx(xo) are
n + n? + n. Therefore, the following corollary holds.

Corollary 4. The general solution of the system of Cauchy type (6), (27) and (28) depends on no more than
n + n® + n> essential parameters.

2. Now, we study geodesic mappings of space A, onto 3-Ricci-symmetric space V,, which are
characterized by the condition:
Rijmt = 0. (29)

Let us covariantly differentiate (26) with respect to x in the space A, and on the left-hand
side express the covariant derivative with respect to the connection of A, in terms of the covariant
derivative with respect to the connection of A, using the formula

(Rij;mk>,l = Rz‘j;mkl + PlRuc] smk P[ch mk + Py, IRZ] ak T PklR1] ;moce

Using the formulas for transition from the covariant derivatives with respect to the connection of
the space A, to the the covariant derivatives with respect to the connection of the space A,, we find

Rijmkt = Rijmkt + Qijmkt, (30)

where (), is some tensor, which depends on unknown tensors ;, R,'j, R,-j,k, Rij,km and, on some
tensors, which are assumed to be known.
Let us introduce a tensor Rl-]-mk defined by

Rijmx = Rijmk- (31)

Let us assume that the space A, is 3-symmetric. Hence, from (30), taking into account (27) and (31),
we find

Rijmis = —Qijmits (32)

where the tensor (), depends on the unknown tensors ;, Rl], R; ik, and R; jkm-
Obviously, in the space A;, Equations (6), (27), (31) and (32) form a closed system of PDE’s of
Cauchy type with respect to functions 1;(x), R;j(x), Rijx(x) and Ryji (x).

Hence, we have proved
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Theorem 5. A space A, with an affine connection admits a geodesic mapping onto a 3-Ricci-symmetric space
A, if and only if the system of differential equations of Cauchy type in covariant derivatives (6), (27), (31) and
(32) has a solution with respect to the functions ;(x), R;j(x), Rijx(x), and Rijgy (x).

Corollary 5. The general solution of the system of Cauchy type (6), (27), (31) and (32) depends on no more
than n + n?* + n3 + n* essential parameters.

3. Finally, we study geodesic mapping of space V,, onto m-Ricci-symmetric space Vy, which are
characterized by the condition:

Ri]';mpz-upm = 0. (33)

It is essentially that 2- and 3-Ricci-symmetric spaces are particular cases of
m-Ricci-symmetric spaces.

Let us differentiate (32) covariantly (m — 2) times with respect to the connection of the space A,
and on the left-hand side express the covariant derivative with respect to the connection of A, in terms
of the covariant derivative with respect to the connection of Ay, using the formula

(Rif;pl---pT_zpm),pT = Rijprpeapeipe TP ffnRaj;pl---pT—zpm +P ]P;?TRi"‘?Pl---PT—Zprfl

[ I - o ..
+PP1PT Rl]/'a---P‘erPT—l + + PrflpTRl];pl---Prfzﬂl'

Let us introduce tensors Ri]'kmpzps/ woor Rijo1p2p3.pmnpm_ @S follows:

Rijp102,05 Rijkpipa037

.......... (34)

RijPlPZ---Pm—Z/Pm—l RijPlPZPS---Pm—ZPm—l .

Let us assume that the space Ay, is m-Ricci-symmetric (m > 2). Hence, from the obtained equation
because of (33), using substitutions and transformations, taking into account (27), (31) and (34), we get

R =0

ij01---Pm—20m—1,Lm ijo1---Pm—10m’ (35)

where 0y, 5. 10, 1S some tensor depending on unknown tensors ¥;, Ri]-, -+ Rijp1s Rijpy..0,_1, @nd,
on some tensors, which are assumed to be known.

Obviously, in the space A;, Equations (6), (27), (31), (34) and (35) form a closed system of PDE’s
of Cauchy type with respect to the functions ;(x), R;;(x), Rijp, (x), - -, Rijp,...0p,_, (%)-

Hence, we have given the proof.

Theorem 6. A space A, with an affine connection admits a geodesic mapping onto a m-symmetric space Ay, if
and only if the system of differential equations of Cauchy type in covariant derivatives (6), (27), (31), (34) and
(35) has a solution with respect to the functions P;(x), R;j(x), Rijp, (%), - -+, Rijp,..00 1 (¥)-

Corollary 6. The general solution of the closed system of Cauchy type (6), (27), (31), (34) and (35) depends on
no more than n + n* + ... + n"*1 essential parameters.

6. Conclusions

The above new results are the generalization of analogical results for geodesic mappings onto
symmetric and Ricci-symmetric spaces and for the case of m-symmetric and m-Ricci symmetric spaces
(m > 1). The generalization of m-recurrent, m-Ricci-recurrent and also D} and RicD}; studied by
Kaigorodov probably does not exist in the general case.
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