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Abstract. In the paper we consider almost geodesic mappings of the first

type of spaces with affine connections onto generalized 2-Ricci-symmetric

spaces. The main equations for the mappings are obtained as a closed system

of linear differential equations of Cauchy type in the covariant derivatives.

The obtained result extends an amount of research produced by N.S. Sinyukov,
V.E. Berezovski, J. Mikes.
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1. Introduction

In the sixties of the 20th century has N.S. Sinyukov considered almost geodesic
mappings of Riemannian and affinely connected spaces. The main results were
presented in a research [12].

Theory goes back in 19th century by T. Levi-Civita, in which the problem on the
search for Riemannian spaces with common geodesics was stated and solved in a
special coordinate system. We note a remarkable fact that this problem is related
to the study of equations of dynamics of mechanical systems.
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N.S. Sinyukov specified three types of almost geodesic mappings 71, 2, m3. The
problem of completeness of classification had long remained unresolved. V.E. Bere-
zovski and J. Mikes [2] proved that for n > 5 other types of almost geodesic map-
pings except 71, o, and w3 do not exist. The authors have found conditions for
the almost geodesic mappings 71, 7, s intersect. It is proved that if an almost
geodesic mapping f is simultaneously 7y and 7o, then f is a mapping of affinely
connected spaces with preserved linear complex of geodesic lines. If the map-
ping f is simultaneously 7 and 73, then f is a mapping of affinely connected
spaces with preserved quadratic complex of geodesic lines.

The theory of almost geodesic mappings was developed by V.S.Sobchuk [13],
N.Y. Yablonskaya [15], V.E. Berezovski, J. Mikes [2-7,9], O. Belova, J. Mikes [1],
N. Vesié, Lj.S. Velimirovi¢, M.S. Stankovic¢ [11, 14], A.Kozak, A.Borowiec [§]
etal.

That direction is developing according to the Petrov’s plan to build models of phys-
ical processes using mappings and transformations, see [10, 12].

N.S. Sinyukov [12] proved that the main equations for canonical almost geodesic
mappings of spaces with affine connections onto Ricci-symmetric spaces can be
written as a closed system of partial differential equations of Cauchy type in co-
variant derivatives. It follows that the general solution of the system depends on a
finite number of essential parameters. J. Mike$ [9, 10] studied geodesic and holo-
morphically projective mappings of similar spaces.

The results were extended by V.E.Berezovski and J. Mikes [6] to the cases of
canonical almost geodesic mappings of the first type of spaces with affine connec-
tions onto Riemannian spaces and canonical almost geodesic mappings of the first
type of spaces with affine connections onto generalized Ricci-symmetric spaces.

The paper is devoted to a study of canonical almost geodesic mappings of type
w1 of spaces with affine connections onto generalized 2-Ricci-symmetric spaces.
The main equations for the mappings are obtained as a closed system of PDEs of
Cauchy type. We have found the maximum number of essential parameters which
the general solution of the system depends on.

2. Basic definitions of almost geodesic mappings of spaces with affine
connections.

Let us recall the basic definition, formulas and theorems of the theory presented in
[10,12].

Consider an n-dimensional space A,, with affine connection F?j without torsion.

The space is referred to coordinates ', 22, ..., 2™. We assume that all functions

under consideration are sufficiently differentiable, and we suppose that n > 2.
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A curve defined in a space with affine connection is called almost geodesic if there
exists a two-dimensional (differentiable) distribution D parallel along the curve
(relative to the affine connection) such that for any tangent vector of the curve its
parallel translation along the curve belongs to the distribution D [10].

A mapping f: A, — A, is called almost geodesic if any geodesic curve of A, is
mapped under f onto an almost geodesic curve in A,,.

Suppose, that a space A,, with affine connection F?j () admits a mapping f onto a

space A, with affine connection fZ(x) and the spaces are referred to a common
coordinate system ', 22, ... 2" with respect to the mapping.
The tensor

Plj(z) = Tjj(z) - T}y (2) (D
is called a deformation tensor of the connections chj () and flhj (z) with respect to
the mapping f. The symbols F?j (x) and TZ(:E) are components of affine connec-
tions of the spaces A, and A,, respectively.
It is known [12] that in order that a mapping of a space A,, onto a space A,, be
almost geodesic, it is necessary and sufficient that the deformation tensor Pfj’(:c)
of the mapping f in the common coordinate system !, z2, ..., 2" has to satisfy
the condition

Al g NNXT = a - PN + b A
2

where \" is an arbitrary vector, a and b are certain functions of variables abx? . .

and A, A2, ..., A" The tensor A?jk is defined as
A?jk o Pﬁk + Piofpo’}k-

where the comma “, ” denotes the covariant derivative with respect to the connec-

tion of the space A,,.

N.S. Sinyukov [12] distinguished three kinds of almost geodesic mappings, namely

w1, mo and 73, characterized by following conditions for the deformation tensor.
A mapping f : A, — A, is called an almost geodesic of type 71, if the conditions
Alijry = (55w + bGPl (2)
are satisfied. We denote by the parentheses an operation called symmetrization
without division with respect to the indices 4, j and k. Also a;; are a certain sym-
metric tensor and a certain covariant vector respectively, and 5? is the Kronecker
delta.
If in the equation (2) the condition b; = 0 holds, then the almost geodesic mapping
71 1s called canonical.

It is known [12] that any almost geodesic mapping 7; may be written as the compo-
sition of a canonical almost geodesic mapping of type 7 and a geodesic mapping.

n
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A mapping f: A, — A, is called an almost geodesic of type 7, if the conditions
h h h
Py = 5(@%’) + F 95
h h h h
Fii gy + FoEGwj) = 0 + Fip)
holds. Here 1;, ©;, 1i, p; are certain covectors, Fih is a tensor of type (1, 1).

A mapping f: A, — A, is called an almost geodesic of type 73, if the conditions
h h h
Bij = 0y + 0"aij,
QZpr-(ﬁL-l-@hai
hold. Here 6" is a torse forming vector, 15, a; are some covectors, aj; is a sym-

metric tensor and p is an invariant.

As we have noted above, the mentioned types of mappings w1, w2 and 73 can
intersect. The classification completeness for dimension n > 5 has been proved
in [2].

3. Ricci-symmetric, generalized Ricci-symmetric, 2-Ricci-symmetric
and generalized 2-Ricci-symmetric spaces.

A space A,, with an affine connection is called Ricci-symmetric if its Ricci tensor
R;j satisfies the condition

R;j = 0.
The symbol “; ” denotes a covariant derivative with respect to the connection of
the space A,,.
In [12] N.S. Sinyukov considered canonical almost geodesic mappings of the first
type of spaces with affine connections onto Riemannian Ricci-symmetric spaces.

.. . . . —h
Taking into account the relations between the Riemannian tensors R, ;;, and thj i of
the spaces A,, and A,, respectively as follows from (1), the equations (2) for canon-
ical almost geodesic mappings of the first type of spaces with affine connections

were written in the form

N —h
3(P) )+ PlLPS) = R?ij)k: — Ry + 58&%‘3‘)- (3)

Considering (3) as a system of Cauchy type in A,, with respect to the functions

Pi’}, one has found the conditions of integrability of the system in the form
-h h h h Hh h
Risjiwa = Biijiwa + G0 = 5ainn + 3(F5 Raw = Fali Rijw)

h h Bh h ( ph Bh a
—Po (R — Ry + 0Gan) + Pay(Riije — Rijye + 0Gany)

where the brackets | | denote an operation called antisymmetrization (or, alterna-
tion) without division with respect to the mentioned indices.
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Let us express in the left-hand side the covariant derivative with respect to the
connection of A,, in terms of the covariant derivative with respect to the connection
of A,,. Taking account of (1), we obtain

—h
Ry = 0050 — 0Gazu) k + O )
where

h h aph h po h h —-h o
Oiine = Ry + 3(P5 Ram — PaiRm) — Par (R — Rejy + Gaz)
—h a a Bl a Bl a h a $h
+ P (Rije — Riijpe + 0Gasm) = FiliRiaijn — PR + PaiRiagin + PiiRiar-

Here the symbol || means that in applying symmetrization the index « is omitted.
Using the Ricci identity, let us write the conditions (4) in the form

—h —h
R + Rjjgi = 58%‘1@,1 - 5€liajl),k + Q?jkl' &)

Contracting (5) for h and k, we get the relations for covariant derivatives of the
Ricci tensor R;; for the space A,

Riij + Rjii = (n+ 1)aij; — ay(ij) + Oijar- (0)

A space A,, with an affine connection is called generalized Ricci-symmetric if the
Ricci tensor Rz;; for the space satisfies the condition

Rz’j;k + Rkj;z’ =0.

The concept of generalized Ricci-symmetric spaces was first introduced in [6]. The
papers are devoted to the study of canonical almost geodesic mappings of spaces
with affine connections onto the above mentioned spaces. It is proved that the
main equations for the mappings can be obtained as a closed system of Cauchy-
type differential equations in covariant derivatives.

A space A,, with an affine connection is called 2-Ricci-symmetric if the Ricci tensor
R;; for the space satisfies the condition

Rij;km =0.

A space A,, with an affine connection is called generalized 2-Ricci-symmetric if its
Ricci tensor 12;; satisfies the condition

Eij;k’m + Ekj;im =0. (7)
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4. Canonical almost geodesic mappings of type 7, of spaces with
affine connections onto generalized 2-Ricci-symmetric spaces

The equation (6) was obtained for a canonical almost geodesic mapping of type 71
of a space with an affine connection A,, onto another space with an affine connec-
tion A,,.

First we differentiating covariantly the equation (6) with respect to the connection
of the space A,,. Then taking account of (1), let us applicate the formulas

(Ritj) , = Ritsgr + Rawyg Pix + Riaj Py + Ria P,

Rijik = Rijg — RiaPj}, — Raj Py
Finally, we get
Rk + Rjiak = (n+ D)ag e — ayji — aijin + Ciji, (8)
where
Cijire = =050k — (Ratj + Riva — 2Ry — Rag Py — RjgFy) Pi,
~(Riaj + Rjai — 2RsaPy; — RisPly — RjgPL) Pl (9)
~(Rio+Rari — 2RaiPy; — RisPy, — RagFy)) P
Moreover, let us consider canonical almost geodesic mappings of type 7 of spaces
A, with affine connections onto generalized 2-Ricci-symmetric spaces A,. Hence

the Ricci tensor Eij for the space A,, satisfied the conditions. Then the equation
(8) may be written in the form

(n 4+ Dagik — aiijk — aijie = —Cijik, (10

when Cjjyy, is defined by the formulas (9).

Let us interchange the indices [ and j in (10) and sum for ¢ and j. Then we have

1 2
i gk + ik = = Capje + i k- (1D

The equation (10) by means of (11) can be written in the form

2
n“+n—2 1
ik = —Cijik — ﬁc(i|l|j)k:- (12)
In the following we have assumed that a space A,, with an affine connection is
given. Then taking account of the structure of the tensor Cj;;; which was de-
termined by the formula (9), we see that the left hand side of the equation (12)
depends on unknown functions
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Differentiate covariantly the conditions of integrability (4) with respect to the con-
nection of the space A,,. Then express in the right-hand side the covariant deriva-
tive with respect to the connection of A,, in terms of the covariant derivative with
respect to the connection of A,,. When we make use of the Ricci identity, we obtain

—h —h
Riieim — Bijyime = 5Zajk),lm - 5€Liajl),km + Tjklnw (13)
where
—h —« —a —=h —a h —a —=h
T iim = Rome B — BimiBiiia — BimiB(iay — Romi B (jay — Pon a0 k) 1

— P i8(50aky = Panid(an) s — Poid(nij) i — Podiain.o — Pradfiain k
+P 6(0& ]l) k + P (5( aal) k + aké?a' ) a mlé(z ]a) QUkl m
amez]kl mzeajkl jezakl mkaijal mlgz]ka

Alternating the equations (13) with respect to the indicies [ and m, we obtain

-Bh Bh h h
Rgjymar = Blijyime = 0(@5m) k= 0050 km + T]k[lm]

—=h =« —=h - —a =h
+R ok Bjymi T BijyaLemi — BijypLam + Ra(i|kz|Rj)ml (14)
+5€Laajk) ilm + (5( alk)RJZm + 6( JOl)Rklm - 58ajk)RZlm

Taking account of the properties of a curvature tensor R”
conditions (14) in the form

ijk» We may write the

—h —h
Rk + Bk = 58%‘1),1% - 58ajm),kl — Nl (15)
where
o h o Hh =h 5
Ni};'k:lm = T;}jlk[lm] + RzmlR(oz])k: + qumlR(ai)k + R(k):émlR(ij)a - RamlR(();j)k

+5(aajk) itm T 5( aiky RS + 5&%1')3?1771 - a(inZ)lm

Alternating the equations (15) with respect to the indicies j and k, we get

7h J—
ijl;ik - kal-ij = 5?%’1) km — 5?¢%‘m) kl — 5?‘akl),jm =+ 6?‘akm),jl (16)
Nz%jk]lm + RamZRzk] + RzalRmk] + RzmaRlCZj - R7,O[ml]%ozlw
Let us interchange ¢ and & in (15) and subtract it from (16). Then we have
—h
2Rk = 6€Liajl),km - 5€Lz‘ajm),kl + 5(hkajm),z’l + 5€§akm),jl (17)

h h h
=06 ki), jm — Ok j1),im + QLijkim-
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where
i = Nl — N+ R R + R Ry + R i
ijklm kjilm i[jk]lm aml+tVikj ol Ymkj imat Uky
—=a =sh —=a =h - - - —=a
_RimlRakj - kalRaji + Ramleji + Rkaliji + kaalei
o h —h Sa —h - —=h 55
_R?mlRoaik + Ramleik + RjalR:u'k: + ijaRZk'

Let us express in the left-hand side of the equation (17) the covariant derivative
with respect to the connection of A,, in terms of the covariant derivative with re-
spect to the connection of A,,. We have

—h
2R ik = 58‘ajl),km - 58ajm),kl + 5flkajm),z‘l + %akm)u‘l

h h h (18)
_5(iakzl),jm - (5(ka’jl)7im + Siikim:
where Sl]klm = Q?jklm — Q[ijl lPo’jk
—h —=h
_Raml , gk R]al % mk R]ma zPlk R]ml « ﬁ{[)
o BB
+(ijl - Raml R]ozl R]ma il )Pﬁk
—=h
(R]mlP Ramlpgj - RjalPBm R]maPBl)Pii
—h
- (Rﬁml P Ramlpﬁz Rﬁal R,Bma )Pﬁ
(Ryﬁlph —Raﬂlpa ~ RjotPgi — RjsaP5) Pl
— —=h
(ijﬂph o Ramﬁp o Rjaﬁ ijocpﬁi)Plfl]'
We introduce the tensors a;j; and RU &m defined by
Ajjk = Qijk, (19)
—h —h
Rijim = Rijiom- (20)
Taking account of (20) we may write the equation (18) in the form
ZR]mlz k= 6€Liajl),km - 5Zajm),kl + 5(hk;ajm),z'l + 5€§akm),jl o

h h h
_5(iakl),jm - 5(kajl),im + Sijkim-

In the following we have assumed that in the left-hand side of the equation (21) the
second order covariant derivatives are expressed according to (12). Taking acoount
of (19), the equation (12) may be put in the form

n2+n—2 1
— itk = —Cijie = — Cprjjr- (22)
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We have assumed that in the right-hand sides of the equations (21) and (22) the

covariant derivatives of tensors a;; and E?j ; With respect to the connection of the
space A,, are expressed according to (19) and (20).
Obviously, in the space A, the equations (3), (19), (20), (21) and (22) form a
closed system of PDEs of Cauchy type with respect to the functions PZ’; (x), aij(x),
Egk(w), aijr(x), E?jkm (). The functions must satisfy the following algebraic
conditions

Pli(z) = Pii(z),  ay(2) = aji(w), o)

R?(J'k) (x) = R?ijk) (x) =0, R?(jk)l(x) = R?z'jk)z(l’) = 0.

Hence we have proved

Theorem. In order that a space A, with an affine connection admit a canonical
almost geodesic mapping of type m onto a generalized 2-Ricci-symmetric space
A, it is necessary and sufficient that the mixed system of differential equations
of Cauchy type in covariant derivatives (3), (19), (20), (21), (22) and (23) have
a solution with respect to the unknown functions PZZL (x), aij(x), E?Jk(x) ajr(x)
and R?j o ().

And finely we obtain the corollary

Corollary. The family of all generalized 2-Ricci-symmetric spaces which are im-
ages of a given space A, with an affine connection respect to canonical almost
geodesic mappings of type 71 depend on no more then % n(n+1)n%+n+1)
essential parameters.
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